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Abstract:

Let Py, be the graded polynomial algebra Fa[xq, X2, ..., 2] with the degree of each generator x; being 1, where Fa
denote the prime field of two elements, and let GL; be the general linear group over Fo which acts regularly
on P,.

We study the algebraic transfer constructed by Singer [1] using the technique of the Peterson hit problem. This
transfer is a homomorphism from the homology of the mod-2 Steenrod algebra A, Torﬁk+d(F2,F2), to the
subspace of Fa® 4Py, consisting of all the GLy-invariant classes of degree d.

In this paper, by using the results on the Peterson hit problem we present the proof of the fact that the Singer
algebraic transfer is an isomorphism for k < 3. This result has been proved by Singer in [1] for k < 2 and by
Boardman in [2] for k = 3. We show that the fourth Singer transfer is also an isomorphism in certain internal
degrees. This result is new and it is different from the ones of Bruner, Ha and Hung [3], Chon and Ha [}],
Ha [5], Hung and Quynh [6], Nam [7].
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1. Introduction

Denote by Py := Falxy,xa,...,2x] the polynomial algebra over the field of two elements, Fy, in k generators
T1,Z2,...,2, each of degree 1. This algebra arises as the cohomology with coefficients in Fs of an elementary
abelian 2-group of rank k. Therefore, Py is a module over the mod-2 Steenrod algebra, A. The action of A on
P, is determined by the elementary properties of the Steenrod squares Sq¢° and subject to the Cartan formula
Sq*(fg) = Yoty Sa'(£)Sq*(g), for f.g € P: [8].

The Peterson hit problem is to find a minimal generating set for Py regarded as a module over the mod-2 Steenrod
algebra. Equivalently, this problem is to find a vector space basis for QP := F3 ® 4 Pj, in each degree d. Such a basis
may be represented by a list of monomials of degree d. It is completely determined for k£ < 4, unknown in general.

Let GLj be the general linear group over the field Fo. This group acts naturally on Py by matrix substitution.
Since the two actions of A and GL; upon P, commute with each other, there is an inherited action of GL; on QP;.

Denote by (Py)q the subspace of Py consisting of all the homogeneous polynomials of degree d in Py and by
(QPy)q the subspace of QPy, consisting of all the classes represented by the elements in (Py)q. In [1], Singer defined
the algebraic transfer, which is a homomorphism

(pk . Torﬁk+d(F27]F2) — (ka)dGLk

from the homology of the Steenrod algebra to the subspace of (QPy)4 consisting of all the G'Lj-invariant classes. It is
a useful tool in describing the homology groups of the Steenrod algebra, 'l‘orj:",€ 1+q(F2,Fa). This transfer was studied
by Boardman [2], Bruner, Ha and Hung [3], Ha [5], Hung [9], Chon and Ha [4,10,11], Minami [12], Nam [7], Hung
and Quynh [6], the present author [13] and others.

Singer showed in [1] that ¢y, is an isomorphism for k = 1, 2. Boardman showed in [2] that ¢35 is also an isomorphism.
However, for any k > 4, o, is not a monomorphism in infinitely many degrees (see Singer [1], Bruner, Ha and Hung [3],
Hung [9]). Singer made a conjecture in [1] that the algebraic transfer ¢y is an epimorphism for any k > 0. This
conjecture is true for k < 3. It can be verified for k& = 4 by using the results in [14,15]. The conjecture for k > 5 is
an open problem.
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In this paper, by using the results on the Peterson hit problem we present the proof of the fact that the Singer
algebraic transfer is an isomorphism for k& < 3. Recall that this result has been proved by Singer in [1] for k£ < 2
and by Boardman in [2] for & = 3. To prove this result, Boardman [2] computed the space QPS™* by using a basis
consisting of the all the classes represented by certain polynomials in P3. We also compute this space, however we use
the admissible monomial basis for QP that is different from the one of Boardman in [2]. By applying this technique
for k = 4, we show that the fourth Singer transfer is also an isomorphism in certain internal degrees. This result is new
and it is different from the ones of Bruner, Ha and Hung [3], Chon and Ha [4], Ha [5], Hung and Quynh [6], Nam [7].
In those works it is shown only that the fourth Singer transfer detects certain families of elements in Exti{*(]Fg, Fs),
and fails to detect others.

This paper is organized as follows. In Section 2, we recall some needed information on the lambda algebra and
the Singer algebraic transfer. In Sections 3, we present the determination of the algebraic transfer for k£ < 3. Finally,
in Section 4, we show that the fourth Singer transfer is an isomorphism in certain internal degrees.

2. The Singer algebraic transfer and the lambda algebra

First of all, we briefly recall the definition of the Singer transfer. Let ﬁl be the submodule of Fa[x, xfl] spanned
by all powers xll with ¢ > —1. The usual A-action on P; = Fy[x4] is canonically extended to an A-action on Fa[xq, xfl]

(see Singer [1]). P is an A-submodule of Fy[z1, 27 "]. The inclusion P, C P; gives rise to a short exact sequence of
A-modules:

0— P — P, — N 'Fy — 0.

Let e be the corresponding element in Exti‘(Efl]Fg, Py). By using the cross and Yoneda products, Singer set

er =(e1 X Py_1)o(eg X Py_g)o...(eg x Py)oey € EXtZ(EikFQ,Pk).

Then, he defined g, : Tor?(IFQ, YFFy) — Tor64(IF2, P) = QP by ¢r(z) = e, N z. Tts image is a submodule of
(QP;)S"*+. So, ¢ induces the homomorphism

o : Torp (Fy, 7 Fy) —s QP

Denote by (Px)* the dual of P, and by P((Px)*) the primitive subspace consisting of all elements in (Pj)* that
are annihilated by every positive degree operations in the mod-2 Steenrod algebra. The dual of ¢y:

Try == (pr)* : Fo ®gr, P((Py);) — Ext "t (Fs, Fy)
is also called the k-th Singer transfer.

The algebra Ext’;"(Fa,Fy) is described in terms of the mod-2 lambda algebra A (see [16]). Recall that A is a
bigraded differential algebra over Fy generated by A\; € A, j > 0, with the relations

m-—v—1
AjA2jt14m = Z < ))‘j+m—u/\2j+1+ua (2.1)

v>0 v
for m > 0 and the differential

S() = (Z B i; 1> PYSIVEEP W (2.2)

v>0
for i > 0, §(Xo) = 0 and that H*?(A,§) = Ext’* ¢ (Fy, Fy).

For example, the elements Ay ; € AV2' =1 i >0, and do = A6 A2A3 + AIAZ + A A ds Az + A AsA Az € AM are
the cycles in the lambda algebra A. So, h; = [A2i ;] and do = [do] are the elements in Ext’;" (F2,F5). Note that h; is

the Adams element in Ext}fl (Fy,Fy).

—~0
There is a homomorphism Sq : A — A determined by

—0
Sq (M Ajy - A ) = Agjy 41 X241 - Agjpr, k>0

This homomorphism respects the relations in ((2.1)) and commutes the differential in ((2.2)). Therefore, it induces
a homomorphism

Sq® : Ext® T (Fy, Fy) = HMI(A) — HFFF24(A) = Ext? P24y, Fy).

A family {a; : i = 0} of elements in Extzk+*(F2,F2) is called a Sq°-family if a; = (Sq°)%(ag) for every i > 0.

It is well known that Exti{?’“(IFg,Fz) contains the S¢°-family of indecomposable elements {c;} and Exti{4+*(F2,]F2)
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contains seven Sq°-families of indecomposable elements, namely {d;}, {e;}, {fi}, {gi+1}, {pi}, {D3(i)}, and {p;}. Note
that {h;} is also a S¢0-family in Exty' ™ (Fy, Fy).

The algebra {Ext]j(kﬂ(FQ,]Fgﬂk > 0} has been explicitly computed by Adem [17] for & = 1, by Adams [18] and
Wall [19] for k = 2, by Adams [18] and Wang [20] for k¥ = 3 and by Lin [21] for k = 4.

Theorem 2.1 (see 17-21)

i) The algebra {Exti’k'i'*(]Fg,IFzﬂk > 0} for k < 3 is generated by h; and ¢; for i = 0 and subject only to the
relations h;h;11 = 0, hihf+2 =0 and hf = h?ﬁlhi_i'_l. In particular, {c; : i = 0} is an Fa-basis for the indecomposable
elements in Ext’*™ (Fz, Fy).

il) The algebra {EXtﬁk+*(F2,F2)|k > 0} for k < 4 is generated by h;, ¢;, di, €;, fi, giv1, Pi, D3(i) and p} for
i > 0 and subject to the relations in i) together with the relations h?h?Jrg =0, hje; =0 forj=1i—-1,i,i4+2 and i + 3.
Furthermore, the set of the elements d;, e;, fi, giv1,D:i, D3(i) and pl, for i > 0, is an Fa-basis for the indecomposable

elements in Ext’y* ™ (Fy, Fy).

It is well known that the dual of Py is the divided power algebra generated by ai,as, ..., ax:

(Pk)* = F(al,ag, .. .,ak)

where a(»i) is dual to z* € Pj, with respect to the basis of P, consisting of all monomials in x1, zs, ..., z; and aj = aél).

The graded vector space {(Pg)*|k > 0} is an algebra with a multiplication defined by

(@)@ o) = oD ) € (Prem)

for any agil) . ..a,(f’“) € (Pr)* and agi’““) almem) e (Py)*. In [10], Chon and Ha defined a homomorphism of
algebras

¢ = {énlk >0} : {(P)"|k > 0} — {A""|k > 0} = A,
which induces the Singer transfer. Here, the homomorphism ¢y, : (Py)* — A®* is defined by the following inductive
formula:

dr(ah?)) = Ay ifk—1=£I)=0,
s or-1(Sg e )N, ik —1=¢(I) >0,
for any at) = agil)a(zi2) .. al(cifil)al(ct) c (Pk)* and I = (2'177;2’ o 7ik71)'

Theorem 2.2 (see Chon and Ha [10]) If b € P((Px)*), then ¢x(b) is a cycle in the lambda algebra A and
Tri([0]) = [¢x(b)]-

Note that this theorem is a dual version of the one in Hung [22].
We end this section by recalling some results on Kameko’s homomorphism and the generators of the general linear
group GLy.
—~0
One of the main tools in the study of the hit problem is Kameko’s homomorphism Sq, : QP; — @QP. This
homomorphism is induced by the Fy-linear map v : P, — Py, given by

y, ifx=2x120... 2192,
V() = .
0, otherwise,

for any monomial x € P;,. Note that 1 is not an .A-homomorphism. However, 1Sq¢** = Sqlv, and ¥S¢* T = 0 for
any non-negative integer t.

For a positive integer n, by u(n) one means the smallest number r for which it is possible to write n = 2, ., (2" —
1), where u; > 0.

—~—0
Theorem 2.3 (Kameko [23]) Let m be a positive integer. If u(2m—+k) =k, then (S¢,)m : (QPk)2m+r — (QPr)m
is an isomorphism of the G Li-modules.

Definition 2.4 Let f, g be two polynomials of the same degree in Pj,. Then, f = g if and only if f —g € AT P,.
If f =0, then f is called hit.

For 1 < i < k, define the A-homomorphism p; : P, — Pg, which is determined by p;(z;) = ziy1, pi(xiz1) = i,
pi(xj) =wz; for j#i,i4+1, 1 <i<k, and px(z1) = x1 + 29, pr(x;) =z, for j > 1.

It is easy to see that the general linear group GLj is generated by the matrices associated with p;, 1 < i < k,
and the symmetric group X, is generated by the ones associated with p;, 1 <i < k. So, a class [f] represented by a
homogeneous polynomial f € Py is an G Lg-invariant if and only if p;(f) = f for 1 < i < k. Tt is an 3g-invariant if
and only if p;(f) = f for 1 <i < k.
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3. Determination of Try for k < 3
3.1. Determination of Try, for k < 2

In this subsection, we present the proof of the following.
Theorem 3.1.1 (Singer [1]) The algebraic transfer Try is an isomorphism for k < 2.

It is well-known that
QP = (QP1)n = {

([z2"71), ifn=2%—1, u>0,
0, otherwise.

According to Theorem 2.1, we have

(hy), ift=2v—1, u>0,

Ext}"(Fy, Fy) =
i (FF) 0, otherwise.

Since (P1)* = T'(a) and a®"~Y € P((P))*), ¢1(a"~D) = \yu_; is a cycle in AV*. Using Theorem 2.2, we get
Tri([a®"7Y)) = [p1(a® )] = [Agu_1] = hy, Yu > 0. So, Ty is a isomorphism.
Now, we present the proof of this theorem for k = 2 by computing the space (QP»)“L2. From a result of Wood [24],
we need only to compute this space in the degree n = 25% 4 2% — 2 with s, ¢ non-negative integers.

—~0

First, we consider the degree n = 2571 — 2 with s > 0. Since the iterated Kameko homomorphism (Sgq,)* :

(QP2),, — (QPs)o is a isomorphism of G Ls-modules and (QPz)OGL2 = (1), hence (QP)ST2 = ([p2s]) with po s :=
(1171332)2571.

—~0
Next, we compute (QP,)G 2 with n = 257! +2% — 2 5 > 0. Since the iterated Kameko homomorphism (Sgq,)* :

(QP2), — (QP2)1 is a isomorphism of G Ls-modules, we need only to compute (QP2)1GL2.

According to Peterson [25], (QP»)., is the vector space of dimension 2 with a basis consisting of 2 classes represented
by the following monomials:

281 25t 1 2stl_1 9251
Vg1 = T] T , Vg2 = T 5 .

In particular, vo1 = z2. vg2 = 1. Suppose § = a1v1 + agve = a1T2 + asx1 € (QPg)(sz with a1,as € Fo. Then
p1(0) = a1vy + asvy = 0. So, we get a1 = as. Since pa(6) = ayv; + az(vy + vy) = 0, we obtain a; = ay = 0. Hence,
(QP,)¢"2 = 0 and (QP,)G"> = 0.

—0
Now, we consider the degree n = 257 4 25 — 2 with s,¢ non-negative integers, ¢t > 2. Since (Sq,)* : (QP2), —
(QP3)2t_1 is a isomorphism of GLs-modules, we need only to compute (QPQ)SL_Ql. According to Peterson [25],
(QP2)ot 1 is the vector space of dimension 3 with a basis consisting of 3 classes represented by the following monomials:

2t—1 2t—1 2t—2
Ug,1 = T7 , Up2 = Ty , U3 = X1y .

Suppose 8, = ajuy 1 + aguy,2 +azug s with a1, a2, a3 € Fo and [6,] € (QPQ)?thl. By a simple computation, we have
p1(0¢) = arug 2 + asup 1 + asuy 3 = 0y, hence a1 = ag = a. Then, pa(6;) = a(ur1 + ur2) + aug o + az(ue 2 + ur3) = 6;.
So, we get az = a. Hence, 0; = apa o+ with pa o = w1 + ur2 + ug 3 and

QP27 = ([W°(p20.0)])-

Combining the above results, we obtain

Proposition 3.1.2 Let n be a non-negative integer. We have
([p2s]), if n=2"1=2,5>0

(QP)S™? = S [pasal), if n=21425 -2 5>0, t >2,
0, otherwise,

where pa st = 1*(p2,0,t)-

Recall that (Py)* =T'(ay,a2). For any s,t > 0, we set

s __ s+t _ «
42,5t = a? UG? Ve P((P2)3:+t 105 o)

Since (g2,5,0,P2,5) = 1 and (g2 5.4, D2.s,1) = 1 for every s > 0,¢ > 2, from Proposition 3.1.2, we get the following.
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Proposition 3.1.3 For n a non-negative integer, we obtain
<[Q2,S,O]>v Zf n = 25+1 - 27 S 2 0
Fo®cr, P((P2)y) = { (la2,s4)), if n=2"T"+2°-2,5>0, t > 2,
0, otherwise.
It is easy to see that ¢2(ga,s,t) = Aas_1Ags+¢_1 is a cycle in A?*. Applying Theorem 2.2, we get

TT2([Q2,s,tD = [¢2(q2,s¢t)] = [>\2571)\s+t] = hshsit.
Since hshsy1 = 0, applying Theorem 2.1, we have

(h2), if m = 2%, with s >0,
Ext’™(Fa,Fo) = { (hshgys), if m =257 425 with s > 0,¢ > 2,
0, otherwise.

Theorem 3.1.1 is completely proved.

3.2. Determination of Trg

In this subsection, we present the proof of the following.
Theorem 3.2.1 (Boardman [2]) The third Singer algebraic transfer
Trs : Fo®gr, P((P3)*) — Ext’ ™ (Fa, Fa)

s an isomorphism.

To prove this theorem, Boardman [2] computed the space QPSG Ls by using a basis consisting of the all the classes
represented by certain polynomials in Ps. It is difficult to use his method for k = 4, where there are 315 polynomials
instead of 21. We also compute this space, however we use the admissible monomial basis for (QP3; that is different
from the one of Boardman in [2]. Our approach can be apply for k = 4 by using the admissible monomial basis for
Q P, which is given in [14,15].

From a result of Wood [24], we need only to compute QP3GL3 in the degree n with u(n) < 3.

3.2.1. The case n = 2t+1 — 2

According to Kameko [23], (QP3),, is a vector space with a basis consisting of all the classes represented by the
following monomials:

2t—1, 2f—1 2t—1, 2f—1 2t—1, 2f—1
Vel =Ty Ty, Vpa =] Ty o, ez =x] Ty o, fort>1,
2t—2 2t 1 2t—1_2t—2 2t—1 2t —2
Vp4 = T1Ty XT3, Ups = X1Xy Tz, Vpe = X] Loy for t > 2,
t_ - t_
v = ahay Sxi 2, fort >3

=
Set p3; = 21'7:1 vy, with ¢ > 3. By a direct computation, we have

Proposition 3.2.2 For any non-negative integer t, we have

1>7 lf tZO,
(QP3)SEs =10, if t=1,2,
{[ps+]), if t=3.

Recall that (P3)* =I'(a1, az,as3). We set

a0 = a”a8 Vel Y € PPy ).
Since (p3 ¢, q3,) = 1, we get
(ap, ift=0
Fo®cr, P((P3)5e1_5) =<0, if =12,
(lgs.e]y, if t>3.

It is easy to see that ¢3(gs+) = AoA3._, is a cycle in A**. By Theorem 2.2, we have
Trs([as,e]) = [93(as,0)] = MoA3e 1] = hohi.
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According to Theorem 2.1, we have
Ext’? " 1 (Fy, Fy) = (hoh2).

Since hohy = 0 and hoh3 = 0, from the above equalities we see that Theorem 3.2.1 is true in this case.

3.2.2. The case n = 2t¢ 4 2v _ 3

If w > 1 then pu(n) = 3, hence the iterated Kameko homomorphism

—0
(Sq.)" " : (QP3)gttuiou_3 — (QP3)ars1 4
is also an isomorphism GLs-modules. Hence, we need only to compute (QPg)g'Hﬁ_l. According to Kameko [23],

(QPs),, is a vector space with a basis consisting of all the classes represented by the following monomials:

2t+171 2t+171 2t+171
Ug,1 = T5 , Ut = T , U3 = ] , for t>0,
t4+1 t41 ottl_o

2
Up4 = ToTy , U5 = 175 , U = T1T5 , for t>1,

uy 7 = 1203, for t =1,

2 2ttl_4 2t—1 2t—1
Ut 7 = T1T9T3 , Ut,g = T1Toy Tg 5
2t —1 2t—1 2t—1 _2t—1
Upg = T]  TaXs o, Ugio =T, Ty X3, for t =2,
_ 3,203 2t—1 _.3,.20-1 23 _2t—1.3 2t-3
Ut 11 = 1Ty T3 , Ut 12 = 1Ty Tg , Ut,13 = Iq Loy s for ¢ Z 3,

Up, 14 = x{xﬁt—%gt—?’, for t > 4.
Set p311 = Zzzl ug; for t > 1 and p3 41 = Z}i7 ug,; for t > 4. By a direct computation we have
Proposition 3.2.3 For any integers t > 0, u > 0, we have
0, if t=0,
(@P)S pu 5 = 3 {[ps.eul), if 1<t<3,
<[P3,t,u], [ﬁS,t,uDa if t=4,
where p3 0 = V" (p3,1), D3t = VU (P3,01)-
We set
A a(12“'_1*1)a52“_1*1)a:(32t+“’*1)7 st = ag2“>1)ag2’*+“—1fl)a:(gz“f“—lfl).
It is easy to see that ¢3¢, G3,6u € P((P3)§t+172) and
(P3,t,u @3,t,u) = 1, (P3,t,us G3,t,u) = 0,
(P3,t,us @3,tu) = 0y (D300, @3,0.u) = 1.

So, we get
0, it t=0,
Fo®aL, P((Ps)aeuigu3) = 4 ([43.6.u]), if 1<t<3,
(las,tuls [@e]), i t 24

By applying Theorem 2.2, we have
¢3(QS,t,u) = Agufl_l)‘%“tflv
G3(@3,t,u) = A2v—1A304u 1y
are the cycles in A%*. So, we obtain
Trs(las,tu]) = [03(g3,6,4)] = P\guflq/\?ﬂ—ﬂ = hi_yhiyu,
Tr3([33,1,u)) = [63(33,000)] = [Mu_1 A5 0vu-1 1] = huhiy 1.
According to Theorem 2.1, we have
EXti{?*qu?“ (Fo,Fa) = (huhiiy_1,h2_1hisy).
If t = 0 then hyh? | = h2h,_1 = 0. If t = 1 then huhfﬂh1 =h3 = h2 | hyi1 = h2_|hyyy,. If t = 2 then

huh? 4 = hyhZ = 0. If t = 3 then h,hi,,_; = h,h2, , = 0. Hence, from the above equalities we can easily see
that Theorem 3.2.1 is true in this case.
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3.2.8. The case n = 25tutl 4 gutl 4 pu 3
If w > 0 then pu(n) = 3, hence the iterated Kameko homomorphism

(ng)u D (QP3)2stugou—3 = (QP3)2:41
is also an isomorphism of G Ls-modules. Hence, we need only to compute (QP3)§£31.

According to Kameko [23], (QPs3)qs+1 is a vector space with a basis consisting of all the classes represented by the
following monomials:

25+l _q 25+l _q 25+l _q
Vs,1 = T2X3 , Us,2 = Ty X3, VUs,3 = T1T3 ,
gst+1_q gst+1_q gst+1_1
VUs,4 = T1X9 y Us,5 = Iy €3, Us,6 = Tq Z2, for s P 17

V1,7 = $1$233;2),, V1,8 = xlxgxg, for s=1,

_.3.2%F1_3 _ 3,28 3,.2°T1_3
Vs,7 = Tod'3 y Us,8 = T3 y Us, 9 = LTy ’
25+ 25t —2 2,297 -3
Vs,10 = T1T2T o y Us 11 = X1y €3, Us,12 = T1ToT3 >
3 ostl_ 3 2stl_y
Vg 13 = T1X5T5 , Vs 14 = T T2T5 for s> 2

V15 = mi’x%xg, for s =2.
Set po = V2,10 + V2,11 + V2,14 + v2,15. By a direct computation, we have

Proposition 3.2.4 For any integers s > 0,u > 0 and n = 254+ 4 2utl 4 9 3 we have

QPG {W@om, ifs=2,

0, if s # 2.
We set
c _aggz 1)@54.2 71)%())4,2 ~1) +a§2.2'71)aé5.2'71)a§4.2 —1)
+a§2'2u71)&53'2u71)a§6‘2u71) +a§2'2u71) 52.2“71)(1;7.2“71)
is an element in (P;)* = I'(a1,a2,a3). By a direct computation, we can see that ¢, € P((P3)5i4u qu_g) and
(" (po), €u) = 1. So, we get
. ([en]), ifs=2,
Fo®ar, P((F: =
2861, P(P)a) {o, if s # 2.
For u = 0, we have ¢y = a(lz) (%) (3) + a(l) g4)a§3) + agl)a(;) (5) +a (1) él)agj).

A direct computation shows

6a(ai” a8 al’) = X3 + M dads + MAsAs,

d3(a$VaSPalP) = A Agds + A Ashs + A Ao s,

¢3(atal?a)) = A dods + A2,

gbg(a(l)aél)aé )) = A2 ).

Hence, we obtain ¢3(cp) = A\2A3. By Theorem 2.2, we have Tr3([co]) = [A2A3] = co.

Since [ca] = (S¢.)"([3]), we get

Try((en)) = Trs((Sq )" ([@o))) = (S¢°)“Trs([c]) = (Sa°)* (co) = cu-

By Theorem 2.1, we have hyh,+1 = 0. Hence,

Extizs+7"+1+2”’+1+2“ (F, Fa) = {<huhu+lhu+37cu> = (cu), %f 5=2,
(huhysihstur1) =0, if s+#2.

Theorem 3.2.1 in this case follows from the above equalities.

3.2.4. The case of the generic degree

In this subsection, we consider the degree

n = 25Tt gt 4 gv 3

with s,t, 4 non-negative integers.
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The subcases either s = 0 or ¢ = 0 have been determined in Subsections 3.2.1 and 3.2.2. The case s >0 and ¢t = 1
has been determined in Subsection 3.2.3. So, we assume that s > 0 and ¢ > 1.
The iterated homomorphism

—~0
(5¢,)" : (QP3)2s+truporvuiou_g = (QPs)as+iq0r 2
GL3

is an isomorphism of G Ls-modules. So, we need only to compute (QP3)25+t+2t_2.
The subcase s = 1. Then n = 2!7! + 28 — 2. According to Kameko [23], (QP3),, is the vector space with a basis
consisting of all the classes represented by the following monomials:

2L1$2t+171

2‘*171‘%2‘71

2"71x2t+171

e x%‘—l 3”1—1 e xgt“—l 2t—1 e xzt“—lg 2t—1
T 2tx§ 2ttl_g e 2t+1x§ 2t_2 e = I1t+1 1I2 2t' 2
Ve = x1x22:7f:321+1_72 Vg = x1x22t+1_72x32:71 Vg = a:12t7; 1‘22‘;11_72
V10 = X124 T3 Vi11 = X1y T3 V12 = 1 Tolg
'Ut713 = $?$§t+1_3$§t_2,

t_ 41
V14 = xi’x‘;’xé fort =2, and v; 14 = xi’x% 3x§ 2 fort > 2.

By a direct computation using the above basis, we obtain
Proposition 3.2.5 For any integers t > 1,u >0 and n = 2170 4 2t+v L 9v 3 e have (QP3)G5s = 0.
By Theorem 2.1 hi4yhiqyt1 = 0, so we have
t+u+1 t+u u
EXti2 +2 2 (IFQJFQ) = <huht+uht+u+1> =0.

Hence, from the above equalities, we can see that

tudl | ot4u ou
Trs : ]F‘Q®GL3P((P3)3t+7¢+1+2t+u+2u_3) — EXti{z +2T2 (FQ,FQ)

is a trivial isomorphism.
Now, suppose that s, > 1 and n = 257¢ 4 2t — 2. From the results of Kameko [23], we see that (QPs), is the
vector space of dimension 21 with a basis consisting of all the classes represented by the following monomials:

2t—1 28tt_1
Us,t,1 = Tg X

2t—1 25tt_1
Usit,3 =21 T3
s+t t_
2 1,21

2stt_1 92t_1

Us,t,2 = Ta T3
2t—1 _25tt_1

Us,t,da = X1 Tg

s+t t_

2 1,21

Us,t,5 = Us,t,6 =
- x§t+1_l §s+t_2t_1 Ve = x?wrl_l §s+t_2t_1
Vs i1 = Tias a2 Vs i1z =27 lwaxy 2

ot—1 _25tt_9

VUs,t,13 = T1T9 Tg Vs, t,14 = T1%5

2t—1 28+t _9 ottl_g ogstt_ot
Us,t,15 = Ty T2Tg Us,t,16 =— T1Ly
2t+1_1 2s+t_2t_2 2t+1_1 25+t_2t 2
Us,t,17 = T1Ty T3 Us,t,18 = Ty 2T 3
_.3,.2°tt_3 9ot_9 _ 3, 2ttt _3 gstt_ot_o
Us,t,19 = T1T2 L3 Us,t,20 = T1Lg L3 )

Vg,2,21 = x§x§x2s+2_4, fort =2 and vt 01 = x?mgt_3xgs+t_2 for t > 2.
We set

if t =2,

if ¢t > 2.

u .
Z1gj<21,j¢13,15¢ (Vs,2,5)5
u
Zlgj<21¢ (s,t,5)
By a direct computation using this basis, we get

Proposition 3.2.6 For any integers s,t > 1,u > 0 and n = 25714 42044 4 2v — 3 we have (QP3)S1% =[p3.s.1.u)-

D3,s,t,u =

By Theorem 2.1, we have

s+t+u t+u u
EXtiﬁ A (FQ,FQ) - <huht+uhs+t+u>'

s+ttu_ .
3 !. Consider the element

€ Fa®ar, P((P3);,)-

u_ ttu
Note that (v ,1) = 2 ‘ad '

_(@v-1) (@Mr—1) (2stite—)
43,s,t,u = a1 ag as
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Since (ps.s.tu,qs.s.tu) = 1, from Proposition 3.2.6, we obtain

2S5ty 2550,

Fo®cLs P((Ps)r,) = ([g3,5,t,u])-
It is easy to see that ¢3(¢s s.t.u) = MuAi+uAstiru, hence using Theorem 2.2 we get

395l

TrS([q3,s,t7u]) = [)\u)\t+u)\s+t+u] = huht+uhs+t+u-

Theorem 3.2.1 is completely proved.

4. Determination of Tr4 in some internal degrees
In this section, we explicitly determined T'r4 in some internal degrees. Our main result is the following.

Theorem 4.1 Let s be a positive integer and let n be one of the degrees 25Tt — 1, 25T1 — 2 2571 _ 3. Then, the
homomorphism

Try: Fo®cr, P((Py)5) — Exty" " (Fy, Fy)
18 an isomorphism.

We prove the theorem by computing the space (QP;)G 4.

4.1. The case n = 2°t1 — 3

Proposition 4.1.1 (see [15,26]) Let n = 25T — 3 with s a positive integer. Then, the dimension of the
Fy-vector space (QPy)y,, is determined by the following table:

n:25+1—3.s=1 s=2 s=3 s>4
dm(QP), | 4 15 35 15

A basis for (QPy), is the set consisting of all the classes represented monomials a; = as ; which are determined
as follows:
Fors=1,a11 =4, a12 =23, a1,3 = T2,014 = T1.

For s > 2,

G5 = x357171$§)57171x2571 G = x557171x?71x257171

Qg3 = x3571x3571711’i87171 s = x§87171x3571711’2571

as,5 _ x?571—1x35—1$2371—1 as’6 _ x§571—1$3571—1x33—1

57 = z?571_1x3571_1x§5_1 Gsg = 1%571_11335_1‘%2871_1

als,g _ z%a71_1x38_1x§871_1 as710 _ z%5_11:§571_1x421871_1
as,ll _ x35_1x5571_1m3671_1 as712 _ I%s_lxgsfl_lxgbfl_l

For s = 2, a.13 = .’Elxgifgxi, a2.14 = $1.’E2(E§£L’4, as 15 = $1$%$3$4.
For s > 3,

as,13 = x1x357172x?7171x2571 U514 = m1x357172m3571x257171
as,15 = x1x3571_1x3371_2xis_1 as,16 = x1x3571_1x§S_1x1571_2
as,17 _ x1x§§_1x3871_2$i571_1 as,lg _ x1x35_1x3871_1z1571_2
as19 = x%sj_lmx?il_zxii_l as,20 = x%371_1m2x§j_1zi571_2
as21 = x%k _117%&_1;1:31@2;71_2 Qs22 = 9325_13323:3:7 _21742;71_1
(5,23 = x%é_lxlzxgk _llxik —2 Qs,24 = x%b_lxlgk _1:1;33:[2;71_2
(s,25 = J;la:gr _133?{7 _1334211_2 Qs,26 = xlaﬁ:’ _11‘?_123}42;7 -1
Qs27 = xlxgj_%%k _1xi571_1 Qg8 = x?571_1x2x§137 _13333_2
(5,29 = x% _1x2x§s_2acis -1 as,30 = x% _11‘%5 _lxgxiS_Q
For s = 3,

CL3,31 = x?x%x%xﬁ a3,32 = x?x%x%xi a3733 = x?x%x%xi

a3,34 = x?x%x%xi CL3735 = SC?I%JJ%SC%

For s > 4,
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as,31 = x?x%kl*gmgkldxitl (s,32 = xi’x%klf‘?’x?*lxis*l%
(s,33 = x‘i’x%sflmgs_lf?’xf—l*z (s34 = x?tlx%x%‘g_lf?’mi‘g_lﬂ
(5,35 = m?x3571_3x3571_1xis_2 (5,36 = x?x%sjl_?’x?dxis*l_l
ag37 = x%zgﬁl_lazgkl_gxis_Q (g,38 = xf#l_lz%x?il_?’xis_g
(s,39 = x?x%kl*lxgsf“?’mis*ld (s,40 = x§x3573x357172x257171
Qs,41 = x§$3573x§s—171xzs—172 Qs,42 = x?s_lfla:gx?*?’wis_lﬂ
(s,43 = xzargs_sxgkl_?’xiklﬁ

— — 77 729..6 — T 778
For s =4, 444 = T{25232], G445 = T{THTLTY.

_o7.2%7t 5 953 9571 9 _ 72875 95713 95 9
For s > 5, a5.44 = {25 3 Cag , Qs 45 = T1T5 x5 x: °.
Proposition 4.1.2 Let s be a positive integer. Then, (QP4)2GSL+‘§_3 =0.

For simplicity, we prove the proposition in detail for s > 5. The other cases can be proved by the similar
computations.

For any monomials z1, 22, ..., 2, in Py and for a subgroup G C GLy, we denote G(z1, 22, ..., zm) the
G-submodule of QP generated by the set {[z;] : 1 < i < m}. We have the following.

Lemma 4.1.3 i) For any s > 5, there is a direct summand decomposition of the X4-modules:
(QPy)2s+1_3 = Yy(as1) ® Xalas,13) D Xa(as,z1) ® Xalas 25, as,35, s,43)-
(ii

(ii

Sa(as,1) = ([pasa]), with pasy = 352, ag ;.
Sa(s,13) "t = ([pas2)), with paso =Y 00 5 as;.
Zy(

(iv) Bu(ass1)™ = ([pas,3]), with pyss = 234:31 As,j-

)
)
)
(v) S4(as2s,as 35, as.43)"% = ([pa.sa]), with psss = Z?O:% Qs j + 2?3:39 Qs j + Qs 45.

Proof. We obtain Part i) by a simple computation using Proposition 4.1.1. We prove Part v) in detail. The

others can be proved by the similar computations. By a simple computation we see that the set
{las;] : j=25,...,30,35...,45} is a basis for X4(as 25, as 35, as43). Suppose [f] € Xa(as 25, as 35, as,43)™4, then

30 45
[ = Z Vjas,j + Z Vils,j

j=25 j=35
with v; € Fo. By a direct computation, we get

p1(f) + f = (25 + 728)(as,25 + as,28) + (V26 + V29) (as,26 + @s,29)
+ (27 + Ya1)as,35 + (Y27 + Y40)as,36 + (V37 + V38) (as,37 + G5 38)
+ (39 + Yaz)(as,30 + as.42) + (Ya1 + V43)@s a4 + (Va0 + Ya3)as.45 = 0,
p2(f) + f = (26 +727)(as,26 + as,27) + (V28 + 730) (@s,28 + as,30)
+ (735 + v37)(@s,35 + as,37) + (V20 + V36 + V40)(@s,36 + as,40)
+ (739 + V1) (as,39 + as41) + (ya2 + Va3 + 724)(@s,43 + @s.44)
+ (29 + Y42)(@s,38 + a5.45) = 0,
p3(f) + f = (25 + 726) (as,25 + @s,26) + (Y2 + Y29) (as,28 + as,29)
+ (735 + 736) (@s,35 + as,36) + (730 + 37 + V39) (as,37 + as,39)
+ (30 + V38 + Y42)(as,38 + @s,42) + (Ya0 + Ya1)(@s 40 + as.41)
+ (30 + Yaa + Y45)(as,44 + a5,45) = 0.

The above equalities imply v; = 0 for j = 35, 36, 37,38, 44 and ~; = 25 for j # 35,36, 37, 38,44. The lemma
is proved.
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Proof of Proposition 4.1.2. Let f € P, such that [f] € (QP4)2G£‘§73.

Then, f = Z?zl VjPa,s,j With v; € Fa. By a direct computation, we get

pa(f)+f=(m+74)ass +vias9 + (V2 + 73)as.15
+ 204,21 + other terms = 0.

The last equality implies v; = 0 for j = 1,2,3,4. The proposition follows.

Since ¥4 C GLy, we have [f] € (QP4)§4+173.

From Theorem 2.1, we have Extj’yﬂﬂ(lﬁ‘g, Fy) = 0. Hence, Theorem 4.1 holds for n = 25+1 — 3.

4.2. The case n = 25T — 2
Since Kameko’s homomorphism in the degree 2571 — 2,
—~0
(Sq,)2s+1 2 1 (QPy)as+1 o — (QPy)2s 3
is an epimorphism of GLs-modules, using Proposition 4.1.2, we have
50 GL
(QP)54 5 C (Ker(Sq,)zet12) .
From [15,26], we have the following.
Proposition 4.2.1 (see [15,26]) Let s be a positive integer. Then,

o 6, ifs=1,
dim (Ker(Sq,)as+1_2) = 20, if s =2,
35 ifs > 3.

—0
A basis for (Ker(Sq*)Qsﬂ_g) is the set consisting of all the classes represented monomials b; = bs ; which are

determined as follows:

For s > 1,
2°-1 _2°-1 2°-1 2°—1 251 _2°-1

e = x%S—lxgs—l o2 = % —1%5—1 bes = xgﬂ—lxiztl
b374 = Ty bs,5 = Ty 3 bs,ﬁ =] T4
For s > 2, , . ,
bs7 = mgx?_Qac?;_l bs g = Jfgl‘g _11‘42;_2 bs9 = 5 lxgxié_Z
bs,lO = xlxgs 2.%35_1 bs,ll = xlxgs_l.%‘is_z bs712 = l‘ll‘gs 21)4215_1
beas =12y Cwh ' bewa=aiwy tap 0 beis=airh ay
beao = a7 'msxi ° bear=ai lweai ° bos =27 lwaxi
For s =2, by 19 = r1w07309, ba,20 = 1237377,
bs19 = x‘;’ajgé_%ib_Q bs,20 = J;‘;’xgé_%ib# bs21 = J;?x% _33342;_2
bs20 = x?x§5_3xgs_2 bs 23 = x1x§x§S_4xzs_1 bs24 = xlxgxgs_lxzs_4
bs.25 = xla:%tlx%:visdl bs.26 = x?tlxgx%:vitzl bs.o7 = xlmgmgsfzxisﬂ
bs.os = x1x357?x3x1572 bs.29 = xi’x%x?%xf% bs.30 = xw%x%sf?’xfd
bs31 = xlxgx?%xis# bs30 = x1x2x§ _2:@2;_4 bs33 = xi{’xQx?_Almis_Z
bs34 = 35:1)’13290%3_21742;_4
For s =3, b3 35 = mi’x%xémﬁ, and for s > 4, bs 35 = x?x35_3x§xis_4
We set
e = {xlfgmgxg + aixdaiad, if s =3,

’ Zj:l bs,j if s 2 4.

By a direct computation using Proposition 4.2.1, one gets the following.

Proposition 4.2.2 Let s be a positive integer. Then,

0,
([Pa,s])

if s <2,

—~0 GLy4
K S s+1__ =
( er( q*)2 + 2) { ZfS > 3.
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For simplicity, we will prove this proposition in detail for s > 4. The others can be proved by the similar

computations. We have the following.

Lemma 4.2.3 i) For any s > 4, there is a direct summand decomposition of the ¥4-modules:

—~0

(Ker(Sq,)as+1-0 = B4 (bs,1) ® Ba(bs,7) ® Ta(bs,10) ® Ba(bs,23) D Sa(bs 29, bs,30)-

bs,l)E <[p L) with pasn = Y0 bej.
sal)s with prsa =302 by

), with pys3 = 2?2:19 bs.j-

), with Py g4 = 256:23 bs,j-

4,5,5), [Da,s,6]), where

29 35
}54,5,5: § bs,jv ]54,5,6: § bs,j~

j=27 j=30

Proof. From Proposition 4.2.1 we easily obtain Part i). Now, we prove Part vi) in detail. The others can be
proved by the similar computations. By a direct computation we see that the set {[bs ;] : j =27 < j < 35} is a basis

for X4(bs 29, bs,30). Suppose [f] € X4(bs 29, b8730)24, then f = Z?ig? v;bs,; with v; € Fy. By a direct computation,

we obtain
p1(f)+ f = (728 + 720 + 730 + 735)bs,27 + (731 + 733) (bs,31 + bs,33)
+ (32 + 734) (bs,32 + bs 34) =0,
p2(f) + f = (v2r + Yo + 32 + 733) (bs,27 + bs,28)
+ (730 + 731) (bs,30 + bs.31) + (734 + ¥35) (bs 34 + bs,35) =0,
p3(f)+ f = (728 + 720 + 730 + 735)bs,27 + (731 + ¥32) (bs,31 + bs,32)
+ (733 +734) (bs,33 + bs34) = 0.

The above equalities imply v; = o7 for j = 27,28,29 and ~y; = 30 for 30 < j <

35. The lemma is proved. ]

Remark 4.2.4 For s =3, Parts i) to v) of Lemma 4.2.3 hold. We replace Part vi) with ¥4 (b3 29, a3.30)™* = [pa.3].

GLy

—~0
Proof of Proposition 4.2.2. Let f € Py such that [f] € Ker(Sq*)Qé+1 o- Then, [f] € Ker(Sq*)QZfH_Q. Hence,

= Z?Zl v¥jDa,s,; With v; € Fo. By a direct computation, we have
pa(f) + f = (m1+72)(bs,2 + bs,3) + (V2 + 74) (bs,7 + bs,8) + (72 + 75)bs,0
+ (v2 +73) (bs,14 + bs15) + (3 + Y6)bs,19 + (74 + V6)bs,25
+ (y2 + 73 + 74 +75)bs,27 + (V5 + ¥6) (bs,31 + bs,32) = 0.
The last equality implies v; = v; for 1 < j < 6. The proposition follows.
From Theorem 2.1, we have
0, if s <2,
s+1
Exty® T2(Fa,Fo) = { (dy)  if s =3,
(h3h?%) if s > 4.
Denote ¢4, € P((Pj)9s+1_2) by setting

1 @) (6) ()+a(1) (2) (5) (6)+a() (3), @) (6)+a(1) g4)ag3)a(6)+a(1)

qa,3 = a1 "Gy "ag 1 Gy G3°a az "az"a

02aPa®a0® 4 0@a@a®a® 40P a®a® 4 0@ P) o

ay "Gz "ay Qg "3 "Gy 2 Q3 " Qy

0@ a® 4+ Ve g o®

020 a@a® 4 a0 o a®

ag "Gz "ay

+a®aPaPa® + 0@ a®a® 4 a®aPa@a® + o®aPaPa® + o®a®a@aPa® oVl a®

ay "as

+aa®a@a® 1 a®aa®a® 4 a0 a® + aWa®a®e® 4 o®a

Qg "a3 "Gy ay "3 "ay 2 a3
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+aa®aMa® 4 a®aMa®a® 1 ¢®a@aPa® + a®a@aPa® + a®aPaPa® + o aP Vel

@00 + a®aPaMa® 4 a®aPaPa® 1 o®aPaPa® + a@ad el (3) +a(6) o) <3>a513>7

and q4,s = a,go) (0) (25_1) (23 Y for s > 4. Since ([pa,s], [qa,s]) = 1 for any s > 3, we get

0, if s <2,
<[q478]>7 if s > 3.

By a direct computation, we obtain

¢a(qas) = {JO + 8(A1AgAS + A AshoAz), if s =3,

Fo®ar, P((Py)s41_o) = {

A3NZ. if s > 3.
From the above equalities and Theorem 2.2, we get
[Jo} = do, if s = 37
Tr s]) = s)| =
slgas) = [0s(as.)] {[/\3/\55_1] = B3R, ifs> 3.

Theorem 4.1 holds for n = 25+1 — 2.

4.3. The case n = 251 — 1

First, we recall the following.

Proposition 4.3.1 (see [15,26]) Let n = 2571 — 1 with s a positive integer. Then, the dimension of the
Fy-vector space (QPy), is determined by the following table:

n=2%-1 ~s=1 s=2 s=3 s=4 s>=5H
dim(QP4)n‘ 14 35 75 89 85

A basis of (QPy), has been given in [15]. For s > k — 2, we set

. 5 ogm—2 gs+1_gm-—1
Nk,s = E E T Xy, - TG Xy S (Pk)25+1_1.

m=11<i1<...<i,p <k

For k = 4, we denote

_ Na,s + T103523527, if s =2,
DPa,s = 9stl_g .
Na,s + rir3riT] , if s> 3.

By a computation similar to the one in Proposition 4.2.1, one gets the following.
Proposition 4.3.2 Let s be a positive integer. Then,
0, ifs=1,
QP _ ;
T T ), ifs =2
From Theorem 2.1, we have
s+1 0 ifs=1
EXt4,2 +3 F 7]F _ ) )
A (F, F2) (h3heyr) if s > 2.
Denote g4, = ago)ago)a(o) @1 ¢ P((Pf)as+1_1), for s > 2. It is easy to see that ([pa,s], [qs,s]) = 1 Hence, we
obtain
0, if s =1,
([qas)), ifs>2.
By a simple computation, we have ¢4(gs.s) = AgAzs+1_1. Hence, using Theorem 2.2, one gets
Tra([qa,s]) = [04(Ga,s)] = [ANgA2s+1-1] = hghsyr.
Theorem 4.1 is completely proved.

Fo@Gr, P((Py)3es1_1) = {
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