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1. Introduction
1.1. Uncertain sets

Classical (crisp) set theory provides a precise 
and widely used language for formal reasoning and 
mathematical modelling [2]. However, many real-
world problems involve vagueness, incomplete 
information, or conflicting evidence, which have 
motivated a broad family of generalised set-theoretic 
frameworks. Prominent examples include fuzzy sets 
[3-5], intuitionistic fuzzy sets [6], hesitant fuzzy sets [7], 
picture fuzzy sets [8], single-valued neutrosophic sets 
(NSs) [9-11], double-valued NSs [12], plithogenic sets 
[13, 14], and soft sets [15-17].

A fuzzy set assigns a membership grade μ(x)∈[0,1], 
to each element x, thereby capturing gradual inclusion 
rather than a binary yes/no decision [5, 18]. NS refines 
this idea by associating three (typically independent) 
degrees T(x),I(x),F(x)∈[0,1], interpreted as truth, 
indeterminacy, and falsity, respectively [9, 19]. Owing 

to their expressive power, these models have been used 
in diverse areas such as decision-making [20], robotics 
and system integration [21], artificial intelligence [22], 
and neural networks [23, 24].

More recently, uncertain sets (U-Sets) have been 
proposed as a unifying umbrella under which many 
degree-based models - including fuzzy, intuitionistic 
fuzzy, neutrosophic, plithogenic, hesitant, and related 
structures - can be handled within a single formal 
template [1, 25-27]. In addition, functorial sets provide 
a categorical layer that organises such assignments 
across objects and morphisms, enabling systematic 
and compositional transport of structure [1, 25]. 
This unification is valuable both conceptually and 
algorithmically: it offers a common interface for defining 
operations and building uncertainty-aware methods in 
decision science and beyond. Table  1 illustrates how 
representative degree-based models can be realised 
within the U-Set framework.
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U-Set research is important because it provides a 
unified mathematical interface for diverse uncertainty 
models, enabling consistent operations, similarity 
measures, and approximation frameworks, and 
supporting transferable algorithms for decision-making, 
learning, and knowledge representation.

1.2. Operations, similarity measures, and rough 
sets

Operations on fuzzy [28], neutrosophic [29], and 
plithogenic sets have been studied extensively, with many 
choices of conjunctions, disjunctions, complements, and 
aggregation rules tailored to specific applications. In 
parallel, similarity measures quantify the resemblance 
between two uncertainty-aware objects by mapping 
a pair to a score, commonly normalised to the interval 
[0,1]. Such measures play a central role in clustering, 
pattern recognition, and decision-making under 
uncertainty. Similarity measures have been studied 
within each of the fuzzy [30, 31], neutrosophic [32-35], 
and plithogenic set [36, 37] frameworks.

Rough set (RS) theory provides another 
complementary viewpoint: given an indiscernibility 
(or similarity) relation, an imprecise target set is 
approximated by its lower and upper approximations, 
representing certain and possible membership, 
respectively [38, 39]. Many extensions are known, 
including fuzzy rough sets (FRSs) [40] and neutrosophic 
rough sets (NRSs) [41, 42], and analogous RS 
constructions have been explored for other generalised 
set models. These approximation-based methods have 
proved useful in decision support, data analysis, and 
several areas of mathematics and computer science.

1.3. Contributions

The developments reviewed above suggest that 
U-Sets and functorial sets, together with operations, 
similarity measures, and rough approximations, form a 
coherent ecosystem for uncertainty-aware mathematics 
and algorithms. However, a unified treatment that 
integrates operations, similarity measures, and rough-
set structures directly within the U-Set framework is 
still relatively limited.

To help fill this gap, these three components are 
investigated in a common setting of U-Sets and closely 

related generalisations. This perspective yields a 
unified and interoperable toolkit: it supports consistent 
theory, facilitates transferable algorithmic design, and 
strengthens decision-making under heterogeneous 
forms of uncertainty. In addition, extensions are 
developed based on functorial sets. In particular, 
functorial rough sets (FunRSs) provide natural, 
compositional rough approximations across changing 
universes, enabling coherent transport of uncertainty 
reasoning along morphisms.

2. Preliminaries
In this section, the basic concepts and notation that 

will be used later are collected. Unless stated explicitly, 
all sets under consideration are assumed to be finite.

2.1. Fuzzy set and neutrosophic set

A fuzzy set attaches to every element of a given 
universe a membership degree lying in the unit interval 
[0,1]. In this way, gradual levels of membership are 
used to capture vagueness, instead of a sharp true/false 
dichotomy [5, 43]. Several notable generalisations of 
fuzzy sets have been introduced, such as intuitionistic 
fuzzy sets [44], superhyperfuzzy sets [45], and hesitant 
fuzzy sets [7]. These frameworks enrich the classical 
fuzzy paradigm by allowing more flexible descriptions 
of uncertainty and preference. For completeness, the 
basic notions, together with their main extensions, are 
recalled.

Definition 2.1 (Fuzzy set) [5, 46]. Let Y be a non-
empty universe. A fuzzy set on Y is a mapping τ:Y→[0,1].

A fuzzy relation on Y is a fuzzy subset δ:Y×Y→[0,1].

We say that δ is a fuzzy relation on τ if, for all y, z∈Y, 
δ(y,z)≤min{τ(y), τ(z)}.

NSs refine the fuzzy framework by assigning to 
each element three separate degrees: a truth degree, 
an indeterminacy degree, and a falsity degree [9, 11, 
19, 47]. In addition, several generalisations of NSs have 
been proposed, including plithogenic sets [13, 14], which 
further increase the modelling capacity for complex 
uncertainty. The formal definition is given below.

Definition 2.2 (Neutrosophic set) [19, 48]. Let X be 
a non-empty set. An NS A on X is determined by three 

Table 1. Uncertain sets as a unifying framework (illustrative cases).

Model Degree domain Realisation as a U-Set

Fuzzy set [0,1] Choose M with Dom(M)=[0,1] and set μM (x)=μ(x).

Intuitionistic fuzzy set [0,1]2 Choose M with Dom(M)=[0,1]2 and set μM (x)=(μ(x),ν(x)).

NS [0,1]3 Choose M with Dom(M)=[0,1]3 and set μM (x)=(T(x), I(x), F(x)).

Plithogenic set [0,1]m Choose M with Dom(M)⊆[0,1]m and set μM (x) to the plithogenic degree vector of x.
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functions TA:X→[0,1],    IA:X→[0,1],    FA:X→[0,1], where 
for each x∈X, the values TA (x), IA (x), and FA (x) represent, 
respectively, the degrees of truth, indeterminacy, and 
falsity of x with respect to A. These degrees satisfy 
0≤TA (x)+IA (x)+FA (x)≤3 for every x∈X.

2.2. Uncertain set and functorial set

A U-Set assigns a generalised uncertainty value to 
every element, subsuming fuzzy, intuitionistic fuzzy, 
neutrosophic, plithogenic, and related models [1]. A 
functorial set is a category-based construction mapping 
objects to sets and morphisms to structure-preserving 
functions, respecting composition and identities [1, 25].

Definition 2.3 (U-Set) [1]. Let X be a non-empty 
universe and let M be a fixed uncertainty model with 
a degree-domain Dom(M)⊆[0,1]k for some integer k≥1 
(e.g. fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, 
etc.). A U-Set of type M (or U-Set of type M) on X is a 
mapping μM:X→Dom(M).

For each element x∈X, the value μM (x)∈Dom(M) is 
called the M-membership degree of x. Classical fuzzy 
sets, intuitionistic fuzzy sets, NSs, plithogenic sets, and so 
on, are obtained by choosing M to be the corresponding 
uncertainty model.

Definition 2.4 (Functorial set) [1]. Let C be a category 
and let F:C→Set be a covariant functor. The pair (C, F) 
is called a functorial set. For each object X∈Ob(C), the 
set F(X) is the set of F-elements (or F-structures) over 
X. Every morphism f:X→Y in C induces a structure-
preserving map F(f):F(X)→F(Y), such that F(idX)=idF(X) and 
F(g∘f)=F(g)∘F(f) for all composable morphisms f, g in C.

2.3. Rough set2.3. Rough set 
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𝑅𝑅
3. Results

3.1. Basic operations of uncertain sets 
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝑘𝑘 ≥ 1 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

≤𝑀𝑀

a binary “union” operation ⊕𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ×
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

a binary “intersection” operation ⊗𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ×
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

and a unary “complement” operation 
𝑁𝑁𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀),⊕𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀)

                                                           
Dom(M) [0,1]𝑘𝑘

≤𝑀𝑀 ⊕𝑀𝑀 ⊗𝑀𝑀
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𝑅𝑅𝑇𝑇(𝑥𝑥, 𝑦𝑦) 𝑅𝑅𝐼𝐼(𝑥𝑥, 𝑦𝑦) 𝑅𝑅𝐹𝐹(𝑥𝑥, 𝑦𝑦)

𝐴𝐴 ⊆ 𝑈𝑈
𝐴𝐴

𝑅𝑅 𝑅𝑅(𝐴𝐴)
𝑅𝑅𝑇𝑇(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝐴𝐴𝑅𝑅𝑇𝑇(𝑥𝑥, 𝑦𝑦)
𝑅𝑅𝐼𝐼(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝐴𝐴𝑅𝑅𝐼𝐼(𝑥𝑥, 𝑦𝑦)               ∀𝑥𝑥 ∈ 𝑈𝑈
𝑅𝑅𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝐴𝐴𝑅𝑅𝐹𝐹(𝑥𝑥, 𝑦𝑦). 

𝐴𝐴
𝑅𝑅 𝑅𝑅(𝐴𝐴)

𝑅𝑅𝑇𝑇(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅𝑇𝑇(𝑥𝑥, 𝑦𝑦), 1{𝑦𝑦∈𝐴𝐴})  

𝑅𝑅𝐼𝐼(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅𝐼𝐼(𝑥𝑥, 𝑦𝑦), 1{𝑦𝑦∉𝐴𝐴})          ∀𝑥𝑥 ∈ 𝑈𝑈
𝑅𝑅𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅𝐹𝐹(𝑥𝑥, 𝑦𝑦), 1{𝑦𝑦∉𝐴𝐴}).  

1{𝑦𝑦∈𝐴𝐴} 1{𝑦𝑦∉𝐴𝐴})

𝐴𝐴
(𝑅𝑅(𝐴𝐴), 𝑅𝑅(𝐴𝐴)) 𝐴𝐴

𝑅𝑅
3. Results

3.1. Basic operations of uncertain sets 
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝑘𝑘 ≥ 1 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

≤𝑀𝑀

a binary “union” operation ⊕𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ×
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

a binary “intersection” operation ⊗𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ×
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

and a unary “complement” operation 
𝑁𝑁𝑀𝑀: 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀),⊕𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀)

                                                           
Dom(M) [0,1]𝑘𝑘

≤𝑀𝑀 ⊕𝑀𝑀 ⊗𝑀𝑀

⊕𝑀𝑀, ⊗𝑀𝑀, 𝑁𝑁𝑀𝑀,

Morgan’s laws) follow

t- 𝑡𝑡 𝑡𝑡

𝑋𝑋 𝜇𝜇𝐴𝐴: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 𝑀𝑀 𝑋𝑋 𝑀𝑀

𝐴𝐴 𝐵𝐵
uncertain sets 𝑀𝑀 𝑋𝑋

𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝐴𝐴 𝐵𝐵

𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵 𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋.
𝐴𝐴 𝐵𝐵 𝐴𝐴 =𝑀𝑀 𝐵𝐵

𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵 𝐵𝐵 ⊆𝑀𝑀 𝐴𝐴

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3} 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
= [0,1] ⊕𝑀𝑀= 𝑚𝑚𝑚𝑚𝑚𝑚 ⊗𝑀𝑀= 𝑚𝑚𝑚𝑚𝑚𝑚
𝑁𝑁𝑀𝑀(𝑡𝑡) = 1 − 𝑡𝑡

 𝐴𝐴, 𝐵𝐵 𝑀𝑀
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2, 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.5, 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.7
𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.4, 𝜇𝜇𝐵𝐵(𝑥𝑥2) = 0.5, 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.9.

𝜇𝜇𝐴𝐴(𝑥𝑥𝑖𝑖) ≤ 𝜇𝜇𝐵𝐵(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 1,2,3) 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵
𝐵𝐵 ⊈𝑀𝑀 𝐴𝐴 𝐴𝐴 ≠𝑀𝑀 𝐵𝐵

𝐶𝐶, 𝐷𝐷
𝜇𝜇𝐶𝐶(𝑥𝑥𝑖𝑖) = 𝜇𝜇𝐷𝐷(𝑥𝑥𝑖𝑖) = 𝜇𝜇𝐴𝐴(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 1,2,3).

𝐶𝐶 ⊆𝑀𝑀 𝐷𝐷 𝐷𝐷 ⊆𝑀𝑀 𝐶𝐶 𝐶𝐶 =𝑀𝑀 𝐷𝐷
 

𝐴𝐴 𝑀𝑀 𝐴𝐴𝑐𝑐

𝑀𝑀 𝑋𝑋 𝜇𝜇𝐴𝐴𝑐𝑐: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥)   ∶=    𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) 𝑥𝑥 ∈ 𝑋𝑋.
𝑋𝑋 𝑀𝑀

𝐴𝐴
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.3 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.8 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.1.

𝐴𝐴𝑐𝑐

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥) = 𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) = 1 − 𝜇𝜇𝐴𝐴(𝑥𝑥)

                                                           
 coordinate-wise max and min, and 𝑁𝑁𝑀𝑀  

(a1,…,ak)=(1-a1,…,1-ak). 

⊕𝑀𝑀, ⊗𝑀𝑀, 𝑁𝑁𝑀𝑀,

Morgan’s laws) follow

t- 𝑡𝑡 𝑡𝑡

𝑋𝑋 𝜇𝜇𝐴𝐴: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 𝑀𝑀 𝑋𝑋 𝑀𝑀

𝐴𝐴 𝐵𝐵
uncertain sets 𝑀𝑀 𝑋𝑋

𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝐴𝐴 𝐵𝐵

𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵 𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋.
𝐴𝐴 𝐵𝐵 𝐴𝐴 =𝑀𝑀 𝐵𝐵

𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵 𝐵𝐵 ⊆𝑀𝑀 𝐴𝐴

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3} 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
= [0,1] ⊕𝑀𝑀= 𝑚𝑚𝑚𝑚𝑚𝑚 ⊗𝑀𝑀= 𝑚𝑚𝑚𝑚𝑚𝑚
𝑁𝑁𝑀𝑀(𝑡𝑡) = 1 − 𝑡𝑡

 𝐴𝐴, 𝐵𝐵 𝑀𝑀
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2, 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.5, 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.7
𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.4, 𝜇𝜇𝐵𝐵(𝑥𝑥2) = 0.5, 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.9.

𝜇𝜇𝐴𝐴(𝑥𝑥𝑖𝑖) ≤ 𝜇𝜇𝐵𝐵(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 1,2,3) 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵
𝐵𝐵 ⊈𝑀𝑀 𝐴𝐴 𝐴𝐴 ≠𝑀𝑀 𝐵𝐵

𝐶𝐶, 𝐷𝐷
𝜇𝜇𝐶𝐶(𝑥𝑥𝑖𝑖) = 𝜇𝜇𝐷𝐷(𝑥𝑥𝑖𝑖) = 𝜇𝜇𝐴𝐴(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 1,2,3).

𝐶𝐶 ⊆𝑀𝑀 𝐷𝐷 𝐷𝐷 ⊆𝑀𝑀 𝐶𝐶 𝐶𝐶 =𝑀𝑀 𝐷𝐷
 

𝐴𝐴 𝑀𝑀 𝐴𝐴𝑐𝑐

𝑀𝑀 𝑋𝑋 𝜇𝜇𝐴𝐴𝑐𝑐: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥)   ∶=    𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) 𝑥𝑥 ∈ 𝑋𝑋.
𝑋𝑋 𝑀𝑀

𝐴𝐴
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.3 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.8 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.1.

𝐴𝐴𝑐𝑐

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥) = 𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) = 1 − 𝜇𝜇𝐴𝐴(𝑥𝑥)

                                                           
 coordinate-wise max and min, and 𝑁𝑁𝑀𝑀  

(a1,…,ak)=(1-a1,…,1-ak). 

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥1) = 0.7 𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥2) = 0.2 𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥3) = 0.9.
 𝐴𝐴 𝐵𝐵

𝑀𝑀 𝑋𝑋
𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝐴𝐴 ∪𝑀𝑀 𝐵𝐵 𝑀𝑀 𝑋𝑋
𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊕𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)  𝑥𝑥 ∈ 𝑋𝑋.

𝐴𝐴 ∩𝑀𝑀 𝐵𝐵 𝑀𝑀
𝑋𝑋 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)  𝑥𝑥 ∈ 𝑋𝑋.

 
𝑋𝑋 𝑀𝑀 𝐴𝐴, 𝐵𝐵 𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2
𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9 𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.5 𝜇𝜇𝐵𝐵(𝑥𝑥2) =

0.4 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.7.
𝐴𝐴 ∪𝑀𝑀 𝐵𝐵 𝐴𝐴 ∩𝑀𝑀 𝐵𝐵

𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)}, 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥) =
𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)}

𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥1) = 0.5, 𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥2) = 0.6, 𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥3) = 0.9
𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥1) = 0.2, 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥2) = 0.4 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥3) = 0.7.

𝐴𝐴 𝐵𝐵
𝑀𝑀 𝑋𝑋 𝐴𝐴\𝑀𝑀𝐵𝐵

𝐴𝐴\𝑀𝑀𝐵𝐵  ∶=   𝐴𝐴 ∩𝑀𝑀 𝐵𝐵𝑐𝑐.

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝑁𝑁𝑀𝑀(𝜇𝜇𝐵𝐵(𝑥𝑥))  𝑥𝑥 ∈ 𝑋𝑋.
𝑋𝑋 𝑀𝑀

𝐴𝐴, 𝐵𝐵
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.9 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.3
𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.4 𝜇𝜇𝐵𝐵(𝑥𝑥2) = 0.7 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.2.

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝑁𝑁𝑀𝑀(𝜇𝜇𝐵𝐵(𝑥𝑥))
= 𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥),1 − 𝜇𝜇𝐵𝐵(𝑥𝑥)}

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥1) = {0.9,0.6} = 0.6, 
𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥2) = {0.6,0.3} = 0.3,
𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥3) = 𝑚𝑚𝑚𝑚𝑚𝑚{0.3,0.8} = 0.3.

𝛼𝛼– 𝐴𝐴
𝑀𝑀 𝑋𝑋 𝑐𝑐 ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝛼𝛼– 𝐴𝐴 𝑐𝑐
[𝐴𝐴]≥𝑐𝑐 = {𝑥𝑥 ∈ 𝑋𝑋 ∣ 𝜇𝜇𝐴𝐴(𝑥𝑥) ≥𝑀𝑀 𝑐𝑐}

𝛼𝛼– 𝑋𝑋 𝑀𝑀
𝐴𝐴

𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.7  𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9.

                                                                                                                                              
1For example, when Dom (M)=[0,1]k, we may take ≤M to be the coordinate-
wise order, ⊕M and ⊗M to be coordinate-wise max and min, and NM (a1,…,
ak)=(1-a1,…,1-ak).

3. Results

Dom
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𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥1) = 0.7 𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥2) = 0.2 𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥3) = 0.9.
 𝐴𝐴 𝐵𝐵

𝑀𝑀 𝑋𝑋
𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝐴𝐴 ∪𝑀𝑀 𝐵𝐵 𝑀𝑀 𝑋𝑋
𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊕𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)  𝑥𝑥 ∈ 𝑋𝑋.

𝐴𝐴 ∩𝑀𝑀 𝐵𝐵 𝑀𝑀
𝑋𝑋 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)  𝑥𝑥 ∈ 𝑋𝑋.

 
𝑋𝑋 𝑀𝑀 𝐴𝐴, 𝐵𝐵 𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2
𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9 𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.5 𝜇𝜇𝐵𝐵(𝑥𝑥2) =

0.4 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.7.
𝐴𝐴 ∪𝑀𝑀 𝐵𝐵 𝐴𝐴 ∩𝑀𝑀 𝐵𝐵

𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)}, 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥) =
𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)}

𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥1) = 0.5, 𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥2) = 0.6, 𝜇𝜇𝐴𝐴∪𝑀𝑀𝐵𝐵(𝑥𝑥3) = 0.9
𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥1) = 0.2, 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥2) = 0.4 𝜇𝜇𝐴𝐴∩𝑀𝑀𝐵𝐵(𝑥𝑥3) = 0.7.

𝐴𝐴 𝐵𝐵
𝑀𝑀 𝑋𝑋 𝐴𝐴\𝑀𝑀𝐵𝐵

𝐴𝐴\𝑀𝑀𝐵𝐵  ∶=   𝐴𝐴 ∩𝑀𝑀 𝐵𝐵𝑐𝑐.

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥)   ∶=    𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝑁𝑁𝑀𝑀(𝜇𝜇𝐵𝐵(𝑥𝑥))  𝑥𝑥 ∈ 𝑋𝑋.
𝑋𝑋 𝑀𝑀

𝐴𝐴, 𝐵𝐵
𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.9 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.3
𝜇𝜇𝐵𝐵(𝑥𝑥1) = 0.4 𝜇𝜇𝐵𝐵(𝑥𝑥2) = 0.7 𝜇𝜇𝐵𝐵(𝑥𝑥3) = 0.2.

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥) ⊗𝑀𝑀 𝑁𝑁𝑀𝑀(𝜇𝜇𝐵𝐵(𝑥𝑥))
= 𝑚𝑚𝑚𝑚𝑚𝑚{𝜇𝜇𝐴𝐴(𝑥𝑥),1 − 𝜇𝜇𝐵𝐵(𝑥𝑥)}

𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥1) = {0.9,0.6} = 0.6, 
𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥2) = {0.6,0.3} = 0.3,
𝜇𝜇𝐴𝐴\𝑀𝑀𝐵𝐵(𝑥𝑥3) = 𝑚𝑚𝑚𝑚𝑚𝑚{0.3,0.8} = 0.3.

𝛼𝛼– 𝐴𝐴
𝑀𝑀 𝑋𝑋 𝑐𝑐 ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝛼𝛼– 𝐴𝐴 𝑐𝑐
[𝐴𝐴]≥𝑐𝑐 = {𝑥𝑥 ∈ 𝑋𝑋 ∣ 𝜇𝜇𝐴𝐴(𝑥𝑥) ≥𝑀𝑀 𝑐𝑐}

𝛼𝛼– 𝑋𝑋 𝑀𝑀
𝐴𝐴

𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.7  𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9.

𝑐𝑐 = 0.6 ∈ [0,1] = 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 𝛼𝛼–
[𝐴𝐴]≥𝑐𝑐 = {𝑥𝑥 ∈ 𝑋𝑋 ∣ 𝜇𝜇𝐴𝐴(𝑥𝑥) ≥ 𝑐𝑐} [𝐴𝐴]≥0.6 = {𝑥𝑥2, 𝑥𝑥3}

𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2 < 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.7 ≥ 0.6
𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9 ≥ 0.6

 ≤𝑀𝑀
𝛼𝛼 – [𝐴𝐴]≥𝑐𝑐

𝑐𝑐

𝑐𝑐
≤𝑀𝑀

3.2. Similarity measures of uncertain sets 

 𝑋𝑋
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆
[0,1]𝑘𝑘 𝑘𝑘 ≥ 1 𝑈𝑈𝑀𝑀(𝑋𝑋)

𝑀𝑀 𝑋𝑋 𝜇𝜇𝑀𝑀: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑆𝑆: 𝑈𝑈𝑀𝑀(𝑋𝑋) × 𝑈𝑈𝑀𝑀(𝑋𝑋) → [0,1]
𝑀𝑀

𝐴𝐴, 𝐵𝐵, 𝐶𝐶 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
(𝑆𝑆1) 0 ≤ 𝑆𝑆(𝐴𝐴, 𝐵𝐵) ≤ 1
(𝑆𝑆2) 𝑆𝑆(𝐴𝐴, 𝐵𝐵) = 1 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐵𝐵(𝑥𝑥)

𝑥𝑥 ∈ 𝑋𝑋
(𝑆𝑆3) 𝑆𝑆(𝐴𝐴, 𝐵𝐵) = 𝑆𝑆(𝐵𝐵, 𝐴𝐴)

𝑋𝑋 |𝑋𝑋| =
𝑛𝑛 𝑀𝑀 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝐴𝐴 𝑀𝑀,
𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝜇𝜇𝐴𝐴

1 (𝑥𝑥), … , 𝜇𝜇𝐴𝐴
𝑘𝑘(𝑥𝑥)) ∈ [0,1]𝑘𝑘 for 𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) j M

𝑥𝑥 𝐴𝐴
𝐿𝐿1

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋). L -
𝐴𝐴 𝐵𝐵

𝑑𝑑1(𝐴𝐴, 𝐵𝐵)   ∶=    1
𝑛𝑛𝑛𝑛 ∑

𝑥𝑥∈𝑋𝑋
∑

𝑘𝑘

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|.

1 𝐴𝐴 𝐵𝐵
𝑆𝑆1(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵).

𝐿𝐿1

 
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝑐𝑐 = 0.6 ∈ [0,1] = 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 𝛼𝛼–
[𝐴𝐴]≥𝑐𝑐 = {𝑥𝑥 ∈ 𝑋𝑋 ∣ 𝜇𝜇𝐴𝐴(𝑥𝑥) ≥ 𝑐𝑐} [𝐴𝐴]≥0.6 = {𝑥𝑥2, 𝑥𝑥3}

𝜇𝜇𝐴𝐴(𝑥𝑥1) = 0.2 < 0.6 𝜇𝜇𝐴𝐴(𝑥𝑥2) = 0.7 ≥ 0.6
𝜇𝜇𝐴𝐴(𝑥𝑥3) = 0.9 ≥ 0.6

 ≤𝑀𝑀
𝛼𝛼 – [𝐴𝐴]≥𝑐𝑐

𝑐𝑐

𝑐𝑐
≤𝑀𝑀

3.2. Similarity measures of uncertain sets 

 𝑋𝑋
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆
[0,1]𝑘𝑘 𝑘𝑘 ≥ 1 𝑈𝑈𝑀𝑀(𝑋𝑋)

𝑀𝑀 𝑋𝑋 𝜇𝜇𝑀𝑀: 𝑋𝑋 →
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑆𝑆: 𝑈𝑈𝑀𝑀(𝑋𝑋) × 𝑈𝑈𝑀𝑀(𝑋𝑋) → [0,1]
𝑀𝑀

𝐴𝐴, 𝐵𝐵, 𝐶𝐶 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
(𝑆𝑆1) 0 ≤ 𝑆𝑆(𝐴𝐴, 𝐵𝐵) ≤ 1
(𝑆𝑆2) 𝑆𝑆(𝐴𝐴, 𝐵𝐵) = 1 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐵𝐵(𝑥𝑥)

𝑥𝑥 ∈ 𝑋𝑋
(𝑆𝑆3) 𝑆𝑆(𝐴𝐴, 𝐵𝐵) = 𝑆𝑆(𝐵𝐵, 𝐴𝐴)

𝑋𝑋 |𝑋𝑋| =
𝑛𝑛 𝑀𝑀 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝐴𝐴 𝑀𝑀,
𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝜇𝜇𝐴𝐴

1 (𝑥𝑥), … , 𝜇𝜇𝐴𝐴
𝑘𝑘(𝑥𝑥)) ∈ [0,1]𝑘𝑘 for 𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) j M

𝑥𝑥 𝐴𝐴
𝐿𝐿1

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋). L -
𝐴𝐴 𝐵𝐵

𝑑𝑑1(𝐴𝐴, 𝐵𝐵)   ∶=    1
𝑛𝑛𝑛𝑛 ∑

𝑥𝑥∈𝑋𝑋
∑

𝑘𝑘

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|.

1 𝐴𝐴 𝐵𝐵
𝑆𝑆1(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵).

𝐿𝐿1

 
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

𝑘𝑘 ≥ 1 𝑢𝑢 = (𝑢𝑢1, … , 𝑢𝑢𝑘𝑘) 𝑣𝑣 = (𝑣𝑣1, … , 𝑣𝑣𝑘𝑘) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝐿𝐿1

       𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣)   ∶=    1
𝑘𝑘 ∑

𝑘𝑘

𝑗𝑗=1
|𝑢𝑢𝑗𝑗 − 𝑣𝑣𝑗𝑗|.

0 ≤ 𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) ≤ 1 𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) = 0
𝑢𝑢 = 𝑣𝑣

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)).

𝑆𝑆𝐿𝐿1

0 ≤ 𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) ≤ 1
𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)) [0,1]

𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) = 1 𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)) = 0
𝑥𝑥 ∈ 𝑋𝑋 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋

𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑀𝑀(𝑣𝑣, 𝑢𝑢)
𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) = 𝑆𝑆𝐿𝐿1(𝐵𝐵, 𝐴𝐴)

𝑆𝑆𝐿𝐿1

𝑀𝑀
𝑀𝑀

𝑋𝑋 𝑆𝑆1  

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝑥𝑥 ∈ 𝑋𝑋 𝑗𝑗 ∈ {1, … , 𝑘𝑘}

𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥), 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥) ∈ [0,1]
      0 ≤ |𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| ≤ 1.

𝑥𝑥 𝑗𝑗

      0  ≤   ∑
𝑥𝑥∈𝑋𝑋

∑
𝑘𝑘

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|   ≤  𝑛𝑛𝑛𝑛.

𝑛𝑛𝑛𝑛 > 0
      0  ≤ 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) ≤ 1.

      0 ≤ 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) ≤ 1.

𝜇𝜇𝐴𝐴(𝑥𝑥) =
𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋, 𝑥𝑥 𝑗𝑗
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) = 0, |𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| = 0

𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 0 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1
𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) =

0 𝑑𝑑1(𝐴𝐴, 𝐵𝐵)
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𝑘𝑘 ≥ 1 𝑢𝑢 = (𝑢𝑢1, … , 𝑢𝑢𝑘𝑘) 𝑣𝑣 = (𝑣𝑣1, … , 𝑣𝑣𝑘𝑘) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝐿𝐿1

       𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣)   ∶=    1
𝑘𝑘 ∑

𝑘𝑘

𝑗𝑗=1
|𝑢𝑢𝑗𝑗 − 𝑣𝑣𝑗𝑗|.

0 ≤ 𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) ≤ 1 𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) = 0
𝑢𝑢 = 𝑣𝑣

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝐴𝐴, 𝜇𝜇𝐵𝐵: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)).

𝑆𝑆𝐿𝐿1

0 ≤ 𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) ≤ 1
𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)) [0,1]

𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) = 1 𝑑𝑑𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥), 𝜇𝜇𝐵𝐵(𝑥𝑥)) = 0
𝑥𝑥 ∈ 𝑋𝑋 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋

𝑑𝑑𝑀𝑀(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑀𝑀(𝑣𝑣, 𝑢𝑢)
𝑆𝑆𝐿𝐿1(𝐴𝐴, 𝐵𝐵) = 𝑆𝑆𝐿𝐿1(𝐵𝐵, 𝐴𝐴)

𝑆𝑆𝐿𝐿1

𝑀𝑀
𝑀𝑀

𝑋𝑋 𝑆𝑆1  

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝑥𝑥 ∈ 𝑋𝑋 𝑗𝑗 ∈ {1, … , 𝑘𝑘}

𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥), 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥) ∈ [0,1]
      0 ≤ |𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| ≤ 1.

𝑥𝑥 𝑗𝑗

      0  ≤   ∑
𝑥𝑥∈𝑋𝑋

∑
𝑘𝑘

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|   ≤  𝑛𝑛𝑛𝑛.

𝑛𝑛𝑛𝑛 > 0
      0  ≤ 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) ≤ 1.

      0 ≤ 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) ≤ 1.

𝜇𝜇𝐴𝐴(𝑥𝑥) =
𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋, 𝑥𝑥 𝑗𝑗
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) = 0, |𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| = 0

𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 0 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1
𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) =

0 𝑑𝑑1(𝐴𝐴, 𝐵𝐵)
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 0

      |𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = 0 for all  𝑥𝑥 ∈ 𝑋𝑋 and all 𝑗𝑗.
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) = 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) 𝑥𝑥, 𝑗𝑗 𝜇𝜇𝐴𝐴(𝑥𝑥) =

𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋
𝑥𝑥 𝑗𝑗

      |𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = |𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥)|.
𝑑𝑑1(𝐴𝐴, 𝐵𝐵) 𝑑𝑑1(𝐵𝐵, 𝐴𝐴)

𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 𝑑𝑑1(𝐵𝐵, 𝐴𝐴) 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) =
𝑆𝑆1(𝐵𝐵, 𝐴𝐴)

𝑆𝑆1
 

 𝑋𝑋 𝑀𝑀 
𝑀𝑀  𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]  

𝑘𝑘 = 1  𝐴𝐴, 𝐵𝐵  𝑋𝑋   
𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 1

|𝑋𝑋| ∑𝑥𝑥∈𝑋𝑋 |𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|

𝑀𝑀
 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]3  

𝐴𝐴, 𝐵𝐵   𝑋𝑋   𝑆𝑆1(𝐴𝐴, 𝐵𝐵) =
1 − 1

3|𝑋𝑋| ∑𝑥𝑥∈𝑋𝑋 (|𝑇𝑇𝐴𝐴(𝑥𝑥) − 𝑇𝑇𝐵𝐵(𝑥𝑥)| + |𝐼𝐼𝐴𝐴(𝑥𝑥) − 𝐼𝐼𝐵𝐵(𝑥𝑥)| +
|𝐹𝐹𝐴𝐴(𝑥𝑥) − 𝐹𝐹𝐵𝐵(𝑥𝑥)|)

𝑀𝑀 𝑘𝑘 = 1
𝜇𝜇𝐴𝐴(𝑥𝑥) ∈ [0,1]

      𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1
|𝑋𝑋| ⋅ 1 ∑

𝑥𝑥∈𝑋𝑋
∑

1

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

1 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
1 (𝑥𝑥)|

                       = 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
|𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|.

𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1 − 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
|𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|.

𝑀𝑀 𝑘𝑘 = 3
𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝑇𝑇𝐴𝐴(𝑥𝑥), 𝐼𝐼𝐴𝐴(𝑥𝑥), 𝐹𝐹𝐴𝐴(𝑥𝑥))

     𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1
|𝑋𝑋| ⋅ 3 ∑

𝑥𝑥∈𝑋𝑋
∑

3

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 0

      |𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = 0 for all  𝑥𝑥 ∈ 𝑋𝑋 and all 𝑗𝑗.
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) = 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) 𝑥𝑥, 𝑗𝑗 𝜇𝜇𝐴𝐴(𝑥𝑥) =

𝜇𝜇𝐵𝐵(𝑥𝑥) 𝑥𝑥 ∈ 𝑋𝑋
𝑥𝑥 𝑗𝑗

      |𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = |𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥)|.
𝑑𝑑1(𝐴𝐴, 𝐵𝐵) 𝑑𝑑1(𝐵𝐵, 𝐴𝐴)

𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 𝑑𝑑1(𝐵𝐵, 𝐴𝐴) 𝑆𝑆1(𝐴𝐴, 𝐵𝐵) =
𝑆𝑆1(𝐵𝐵, 𝐴𝐴)

𝑆𝑆1
 

 𝑋𝑋 𝑀𝑀 
𝑀𝑀  𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]  

𝑘𝑘 = 1  𝐴𝐴, 𝐵𝐵  𝑋𝑋   
𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 1

|𝑋𝑋| ∑𝑥𝑥∈𝑋𝑋 |𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|

𝑀𝑀
 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]3  

𝐴𝐴, 𝐵𝐵   𝑋𝑋   𝑆𝑆1(𝐴𝐴, 𝐵𝐵) =
1 − 1

3|𝑋𝑋| ∑𝑥𝑥∈𝑋𝑋 (|𝑇𝑇𝐴𝐴(𝑥𝑥) − 𝑇𝑇𝐵𝐵(𝑥𝑥)| + |𝐼𝐼𝐴𝐴(𝑥𝑥) − 𝐼𝐼𝐵𝐵(𝑥𝑥)| +
|𝐹𝐹𝐴𝐴(𝑥𝑥) − 𝐹𝐹𝐵𝐵(𝑥𝑥)|)

𝑀𝑀 𝑘𝑘 = 1
𝜇𝜇𝐴𝐴(𝑥𝑥) ∈ [0,1]

      𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1
|𝑋𝑋| ⋅ 1 ∑

𝑥𝑥∈𝑋𝑋
∑

1

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

1 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
1 (𝑥𝑥)|

                       = 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
|𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|.

𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1 − 1
|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
|𝜇𝜇𝐴𝐴(𝑥𝑥) − 𝜇𝜇𝐵𝐵(𝑥𝑥)|.

𝑀𝑀 𝑘𝑘 = 3
𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝑇𝑇𝐴𝐴(𝑥𝑥), 𝐼𝐼𝐴𝐴(𝑥𝑥), 𝐹𝐹𝐴𝐴(𝑥𝑥))

     𝑑𝑑1(𝐴𝐴, 𝐵𝐵) = 1
|𝑋𝑋| ⋅ 3 ∑

𝑥𝑥∈𝑋𝑋
∑

3

𝑗𝑗=1
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)|

                         = 1
3|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
(|𝑇𝑇𝐴𝐴(𝑥𝑥) − 𝑇𝑇𝐵𝐵(𝑥𝑥)| + |𝐼𝐼𝐴𝐴(𝑥𝑥)

− 𝐼𝐼𝐵𝐵(𝑥𝑥)| + |𝐹𝐹𝐴𝐴(𝑥𝑥) − 𝐹𝐹𝐵𝐵(𝑥𝑥)|), 

𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵)

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝐿𝐿∞
𝐴𝐴 𝐵𝐵

      𝑑𝑑∞(𝐴𝐴, 𝐵𝐵)   ∶=    𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈𝑋𝑋

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤𝑘𝑘

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)|.

      𝑆𝑆∞(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵).

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2}
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝐴𝐴(𝑥𝑥1) = (0.8,0.1,0.1), 𝜇𝜇𝐴𝐴(𝑥𝑥2) = (0.3,0.4,0.3)
𝜇𝜇𝐵𝐵(𝑥𝑥1) = (0.7,0.2,0.1), 𝜇𝜇𝐵𝐵(𝑥𝑥2) = (0.4,0.3,0.3).

𝑥𝑥1,

|𝜇𝜇𝐴𝐴
1 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

1 (𝑥𝑥1)| = |0.8 − 0.7| = 0.1
|𝜇𝜇𝐴𝐴

2 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵
2 (𝑥𝑥1)| = |0.1 − 0.2| = 0.1

|𝜇𝜇𝐴𝐴
3 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

3 (𝑥𝑥1)| = |0.1 − 0.1| = 0

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥1)| = 0.1.

𝑥𝑥2
|𝜇𝜇𝐴𝐴

1 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵
1 (𝑥𝑥2)| = |0.3 − 0.4| = 0.1

|𝜇𝜇𝐴𝐴
2 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵

2 (𝑥𝑥2)| = |0.4 − 0.3| = 0.1
      |𝜇𝜇𝐴𝐴

3(𝑥𝑥2) − 𝜇𝜇𝐵𝐵
3 (𝑥𝑥2)| = |0.3 − 0.3| = 0. 

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥2)| = 0.1.

𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) = 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈𝑋𝑋

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = 𝑚𝑚𝑚𝑚𝑚𝑚{0.1,0.1} = 0.1

𝑆𝑆∞(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) = 1 − 0.1 = 0.9.
𝐴𝐴 𝐵𝐵

0.9
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                         = 1
3|𝑋𝑋| ∑

𝑥𝑥∈𝑋𝑋
(|𝑇𝑇𝐴𝐴(𝑥𝑥) − 𝑇𝑇𝐵𝐵(𝑥𝑥)| + |𝐼𝐼𝐴𝐴(𝑥𝑥)

− 𝐼𝐼𝐵𝐵(𝑥𝑥)| + |𝐹𝐹𝐴𝐴(𝑥𝑥) − 𝐹𝐹𝐵𝐵(𝑥𝑥)|), 

𝑆𝑆1(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑1(𝐴𝐴, 𝐵𝐵)

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝐿𝐿∞
𝐴𝐴 𝐵𝐵

      𝑑𝑑∞(𝐴𝐴, 𝐵𝐵)   ∶=    𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈𝑋𝑋

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤𝑘𝑘

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)|.

      𝑆𝑆∞(𝐴𝐴, 𝐵𝐵)   ∶=   1 − 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵).

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2}
𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)

𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝐴𝐴(𝑥𝑥1) = (0.8,0.1,0.1), 𝜇𝜇𝐴𝐴(𝑥𝑥2) = (0.3,0.4,0.3)
𝜇𝜇𝐵𝐵(𝑥𝑥1) = (0.7,0.2,0.1), 𝜇𝜇𝐵𝐵(𝑥𝑥2) = (0.4,0.3,0.3).

𝑥𝑥1,

|𝜇𝜇𝐴𝐴
1 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

1 (𝑥𝑥1)| = |0.8 − 0.7| = 0.1
|𝜇𝜇𝐴𝐴

2 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵
2 (𝑥𝑥1)| = |0.1 − 0.2| = 0.1

|𝜇𝜇𝐴𝐴
3 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

3 (𝑥𝑥1)| = |0.1 − 0.1| = 0

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥1) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥1)| = 0.1.

𝑥𝑥2
|𝜇𝜇𝐴𝐴

1 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵
1 (𝑥𝑥2)| = |0.3 − 0.4| = 0.1

|𝜇𝜇𝐴𝐴
2 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵

2 (𝑥𝑥2)| = |0.4 − 0.3| = 0.1
      |𝜇𝜇𝐴𝐴

3(𝑥𝑥2) − 𝜇𝜇𝐵𝐵
3 (𝑥𝑥2)| = |0.3 − 0.3| = 0. 

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥2) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥2)| = 0.1.

𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) = 𝑚𝑚𝑚𝑚𝑚𝑚
𝑥𝑥∈𝑋𝑋

𝑚𝑚𝑚𝑚𝑚𝑚
1≤𝑗𝑗≤3

|𝜇𝜇𝐴𝐴
𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵

𝑗𝑗 (𝑥𝑥)| = 𝑚𝑚𝑚𝑚𝑚𝑚{0.1,0.1} = 0.1

𝑆𝑆∞(𝐴𝐴, 𝐵𝐵) = 1 − 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) = 1 − 0.1 = 0.9.
𝐴𝐴 𝐵𝐵

0.9
𝑀𝑀

𝑋𝑋 𝑆𝑆∞   

. 𝑥𝑥 j 0 ≤
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| ≤ 1 0 ≤ 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) ≤ 1.

 0 ≤ 𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴𝐴𝐴  ∞(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  
𝜇𝜇𝐴𝐴(𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵(𝑥𝑥𝑥 𝑥𝑥

𝑑𝑑∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴
𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴 𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴
𝑑𝑑∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴

𝜇𝜇𝐴𝐴(𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵(𝑥𝑥𝑥 𝑥𝑥
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵
𝑗𝑗 (𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵

𝑗𝑗 (𝑥𝑥𝑥𝑥
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥𝑥𝑥
3.3. Uncertain rough sets 

𝑀𝑀
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀 ⊆ [0,1]𝑘𝑘 (𝑘𝑘 ≥ 1) 
(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀 ≤𝑀𝑀,⊕𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀), ≤𝑀𝑀

⊕𝑀𝑀,⊗𝑀𝑀
𝑁𝑁𝑀𝑀

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀𝑀𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀)
0𝑀𝑀 1𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀 0𝑀𝑀 = (0, … ,0) 1𝑀𝑀 = (1, … ,1)

𝑋𝑋 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋
𝐴𝐴 𝑀𝑀 𝑋𝑋 𝜇𝜇𝐴𝐴: 𝑋𝑋 → 

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝑀𝑀 𝑋𝑋

𝑀𝑀 𝑀𝑀 𝑋𝑋  𝑅𝑅𝑀𝑀: 𝑋𝑋 × 𝑋𝑋 → 
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀

For 𝒙𝒙, 𝒚𝒚 ∈ 𝑿𝑿,  the 𝑅𝑅𝑀𝑀(𝑥𝑥𝑥 𝑦𝑦𝑦 ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝑥𝑥 𝑦𝑦

 𝑋𝑋 𝑅𝑅𝑀𝑀
𝑀𝑀 𝑋𝑋 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋 𝑀𝑀

𝜇𝜇𝐴𝐴: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝐴𝐴

𝑅𝑅𝑀𝑀 𝑅𝑅𝑀𝑀(𝐴𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴𝐴(𝑥𝑥𝑥 ∶= ⋀𝑦𝑦𝑦𝑦𝑦(𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥𝑥 𝑦𝑦𝑦) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦𝑦)  𝑥𝑥 ∈ 𝑋𝑋
⋀ (𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀 ≤𝑀𝑀)

𝑀𝑀
𝑋𝑋 𝑆𝑆∞   

. 𝑥𝑥 j 0 ≤
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥) − 𝜇𝜇𝐵𝐵
𝑗𝑗 (𝑥𝑥)| ≤ 1 0 ≤ 𝑑𝑑∞(𝐴𝐴, 𝐵𝐵) ≤ 1.

 0 ≤ 𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴𝐴𝐴  ∞(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  
𝜇𝜇𝐴𝐴(𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵(𝑥𝑥𝑥 𝑥𝑥

𝑑𝑑∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴
𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴 𝑆𝑆∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴
𝑑𝑑∞(𝐴𝐴𝐴𝐴𝐴𝐴  𝐴 𝐴𝐴

𝜇𝜇𝐴𝐴(𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵(𝑥𝑥𝑥 𝑥𝑥
|𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵
𝑗𝑗 (𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥  𝐵𝐵

𝑗𝑗 (𝑥𝑥𝑥𝑥
𝜇𝜇𝐴𝐴

𝑗𝑗 (𝑥𝑥𝑥𝑥
3.3. Uncertain rough sets 

𝑀𝑀
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀 ⊆ [0,1]𝑘𝑘 (𝑘𝑘 ≥ 1) 
(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀 ≤𝑀𝑀,⊕𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀), ≤𝑀𝑀

⊕𝑀𝑀,⊗𝑀𝑀
𝑁𝑁𝑀𝑀

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀𝑀𝑀𝑀,⊗𝑀𝑀, 𝑁𝑁𝑀𝑀)
0𝑀𝑀 1𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀 0𝑀𝑀 = (0, … ,0) 1𝑀𝑀 = (1, … ,1)

𝑋𝑋 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋
𝐴𝐴 𝑀𝑀 𝑋𝑋 𝜇𝜇𝐴𝐴: 𝑋𝑋 → 

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝑀𝑀 𝑋𝑋

𝑀𝑀 𝑀𝑀 𝑋𝑋  𝑅𝑅𝑀𝑀: 𝑋𝑋 × 𝑋𝑋 → 
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀

For 𝒙𝒙, 𝒚𝒚 ∈ 𝑿𝑿,  the 𝑅𝑅𝑀𝑀(𝑥𝑥𝑥 𝑦𝑦𝑦 ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝑥𝑥 𝑦𝑦

 𝑋𝑋 𝑅𝑅𝑀𝑀
𝑀𝑀 𝑋𝑋 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋 𝑀𝑀

𝜇𝜇𝐴𝐴: 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀
𝐴𝐴

𝑅𝑅𝑀𝑀 𝑅𝑅𝑀𝑀(𝐴𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋𝑋

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴𝐴(𝑥𝑥𝑥 ∶= ⋀𝑦𝑦𝑦𝑦𝑦(𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥𝑥 𝑦𝑦𝑦) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦𝑦)  𝑥𝑥 ∈ 𝑋𝑋
⋀ (𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑀𝑀 ≤𝑀𝑀)

𝐴𝐴
𝑅𝑅𝑀𝑀 𝑅𝑅𝑀𝑀(𝐴𝐴) ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) ∶= ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))  𝑥𝑥 ∈ 𝑋𝑋
⋁ (𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), ≤𝑀𝑀)

( 𝑅𝑅𝑀𝑀(𝐴𝐴), 𝑅𝑅𝑀𝑀(𝐴𝐴) )
𝐴𝐴 𝑅𝑅𝑀𝑀 𝑀𝑀

 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

⋀, ⋁

𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋
𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝑀𝑀 𝑀𝑀

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∶=  {1𝑀𝑀, 𝑥𝑥 = 𝑦𝑦, 0𝑀𝑀, 𝑥𝑥 ≠ 𝑦𝑦  𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋.

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴  and  𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴.

 𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥 𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 𝑁𝑁𝑀𝑀(1𝑀𝑀) =

0𝑀𝑀
𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 0𝑀𝑀 ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)
0𝑀𝑀 ⊕𝑀𝑀

𝑦𝑦 ≠ 𝑥𝑥 𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) = 0𝑀𝑀 𝑁𝑁𝑀𝑀(0𝑀𝑀) = 1𝑀𝑀

𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀 ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀  
1𝑀𝑀 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝜇𝜇𝐴𝐴(𝑥𝑥)
1𝑀𝑀
{𝜇𝜇𝐴𝐴(𝑥𝑥)} ∪ {1𝑀𝑀 (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)}.

𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 1𝑀𝑀 𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) =

𝜇𝜇𝐴𝐴(𝑥𝑥).

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥
𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 1𝑀𝑀 ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥),
𝑦𝑦 ≠ 𝑥𝑥

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀 ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀.
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𝐴𝐴
𝑅𝑅𝑀𝑀 𝑅𝑅𝑀𝑀(𝐴𝐴) ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋)

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) ∶= ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))  𝑥𝑥 ∈ 𝑋𝑋
⋁ (𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), ≤𝑀𝑀)

( 𝑅𝑅𝑀𝑀(𝐴𝐴), 𝑅𝑅𝑀𝑀(𝐴𝐴) )
𝐴𝐴 𝑅𝑅𝑀𝑀 𝑀𝑀

 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) ⊆ [0,1]𝑘𝑘

⋀, ⋁

𝑚𝑚𝑚𝑚𝑚𝑚/𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋
𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝑀𝑀 𝑀𝑀

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∶=  {1𝑀𝑀, 𝑥𝑥 = 𝑦𝑦, 0𝑀𝑀, 𝑥𝑥 ≠ 𝑦𝑦  𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋.

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴  and  𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴.

 𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥 𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 𝑁𝑁𝑀𝑀(1𝑀𝑀) =

0𝑀𝑀
𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 0𝑀𝑀 ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)
0𝑀𝑀 ⊕𝑀𝑀

𝑦𝑦 ≠ 𝑥𝑥 𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) = 0𝑀𝑀 𝑁𝑁𝑀𝑀(0𝑀𝑀) = 1𝑀𝑀

𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀 ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀  
1𝑀𝑀 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝜇𝜇𝐴𝐴(𝑥𝑥)
1𝑀𝑀
{𝜇𝜇𝐴𝐴(𝑥𝑥)} ∪ {1𝑀𝑀 (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)}.

𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 1𝑀𝑀 𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) =

𝜇𝜇𝐴𝐴(𝑥𝑥).

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥
𝑅𝑅𝑀𝑀

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 1𝑀𝑀 ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥),
𝑦𝑦 ≠ 𝑥𝑥

𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀 ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀.

𝜇𝜇𝐴𝐴(𝑥𝑥)
0𝑀𝑀

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥).

𝑥𝑥 ∈ 𝑋𝑋
 𝑀𝑀𝐹𝐹 

 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝐹𝐹) = [0,1]    ≤𝑀𝑀𝐹𝐹=≤    ⊕𝑀𝑀𝐹𝐹= 𝑚𝑚𝑚𝑚𝑚𝑚     ⊗𝑀𝑀𝐹𝐹=
𝑚𝑚𝑚𝑚𝑚𝑚    𝑁𝑁𝑀𝑀𝐹𝐹(𝑡𝑡) = 1 − 𝑡𝑡.  

𝑅𝑅: 𝑋𝑋 × 𝑋𝑋 → [0,1] 𝜇𝜇𝐴𝐴: 𝑋𝑋 →
[0,1] 𝑅𝑅 𝑀𝑀𝐹𝐹 𝐴𝐴 

 𝑀𝑀𝐹𝐹 .

 𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))  

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝐴𝐴  𝑅𝑅
 

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀𝐹𝐹(𝑅𝑅(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝐹𝐹 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑁𝑁𝑀𝑀𝐹𝐹(𝑅𝑅(𝑥𝑥, 𝑦𝑦)) = 1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦) 𝑎𝑎 ⊕𝑀𝑀𝐹𝐹 𝑏𝑏 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎, 𝑏𝑏)
[0,1]

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝐹𝐹 𝜇𝜇𝐴𝐴(𝑦𝑦))
= 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

⊗𝑀𝑀𝐹𝐹 𝑚𝑚𝑚𝑚𝑚𝑚 ⋁
[0,1]

𝑀𝑀 = 𝑀𝑀𝐹𝐹
 𝑀𝑀𝑁𝑁𝑁𝑁

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)

 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ∶=  (1 − 𝑇𝑇,  1 − 𝐼𝐼,  1 − 𝐹𝐹). 

𝜇𝜇𝐴𝐴(𝑥𝑥)
0𝑀𝑀

𝜇𝜇𝑅𝑅𝑀𝑀
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥).

𝑥𝑥 ∈ 𝑋𝑋
 𝑀𝑀𝐹𝐹 

 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝐹𝐹) = [0,1]    ≤𝑀𝑀𝐹𝐹=≤    ⊕𝑀𝑀𝐹𝐹= 𝑚𝑚𝑚𝑚𝑚𝑚     ⊗𝑀𝑀𝐹𝐹=
𝑚𝑚𝑚𝑚𝑚𝑚    𝑁𝑁𝑀𝑀𝐹𝐹(𝑡𝑡) = 1 − 𝑡𝑡.  

𝑅𝑅: 𝑋𝑋 × 𝑋𝑋 → [0,1] 𝜇𝜇𝐴𝐴: 𝑋𝑋 →
[0,1] 𝑅𝑅 𝑀𝑀𝐹𝐹 𝐴𝐴 

 𝑀𝑀𝐹𝐹 .

 𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))  

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝐴𝐴  𝑅𝑅
 

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀𝐹𝐹(𝑅𝑅(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝐹𝐹 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑁𝑁𝑀𝑀𝐹𝐹(𝑅𝑅(𝑥𝑥, 𝑦𝑦)) = 1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦) 𝑎𝑎 ⊕𝑀𝑀𝐹𝐹 𝑏𝑏 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎, 𝑏𝑏)
[0,1]

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝜇𝜇𝑅𝑅𝑀𝑀𝐹𝐹(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝐹𝐹 𝜇𝜇𝐴𝐴(𝑦𝑦))
= 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑅𝑅(𝑥𝑥, 𝑦𝑦), 𝜇𝜇𝐴𝐴(𝑦𝑦))

⊗𝑀𝑀𝐹𝐹 𝑚𝑚𝑚𝑚𝑚𝑚 ⋁
[0,1]

𝑀𝑀 = 𝑀𝑀𝐹𝐹
 𝑀𝑀𝑁𝑁𝑁𝑁

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)

 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ∶=  (1 − 𝑇𝑇,  1 − 𝐼𝐼,  1 − 𝐹𝐹). 

 𝑀𝑀𝑁𝑁𝑁𝑁

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)

 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ∶=  (1 − 𝑇𝑇,  1 − 𝐼𝐼,  1 − 𝐹𝐹). 

 𝑅𝑅𝑁𝑁𝑁𝑁: 𝑋𝑋 × 𝑋𝑋 → [0,1]3  
𝐴𝐴 𝑋𝑋

𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝑇𝑇𝐴𝐴(𝑥𝑥), 𝐼𝐼𝐴𝐴(𝑥𝑥), 𝐹𝐹𝐴𝐴(𝑥𝑥)).  
 𝑅𝑅𝑁𝑁𝑁𝑁   𝑀𝑀𝑁𝑁𝑁𝑁  𝐴𝐴 

 𝑀𝑀𝑁𝑁𝑁𝑁
 𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)   𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)  

 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦))  

𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦),  𝐼𝐼𝐴𝐴(𝑦𝑦))

𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))  

𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦))
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  𝐼𝐼𝐴𝐴(𝑦𝑦))  

𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  𝐹𝐹𝐴𝐴(𝑦𝑦)).  

 𝑇𝑇, 𝐼𝐼, 𝐹𝐹  
 𝑀𝑀𝑁𝑁𝑁𝑁.

  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)  𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) = (𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦))
𝜇𝜇𝐴𝐴(𝑦𝑦) = (𝑇𝑇𝐴𝐴(𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦)).

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) = (1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  1 −
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦),  1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦))
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 𝑀𝑀𝑁𝑁𝑁𝑁

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁) = [0,1]3

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹)  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)

 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

(𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇′, 𝐼𝐼′, 𝐹𝐹′) ∶=
 (𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇, 𝑇𝑇′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼, 𝐼𝐼′), 𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹, 𝐹𝐹′))

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑇𝑇, 𝐼𝐼, 𝐹𝐹) ∶=  (1 − 𝑇𝑇,  1 − 𝐼𝐼,  1 − 𝐹𝐹). 

 𝑅𝑅𝑁𝑁𝑁𝑁: 𝑋𝑋 × 𝑋𝑋 → [0,1]3  
𝐴𝐴 𝑋𝑋

𝜇𝜇𝐴𝐴(𝑥𝑥) = (𝑇𝑇𝐴𝐴(𝑥𝑥), 𝐼𝐼𝐴𝐴(𝑥𝑥), 𝐹𝐹𝐴𝐴(𝑥𝑥)).  
 𝑅𝑅𝑁𝑁𝑁𝑁   𝑀𝑀𝑁𝑁𝑁𝑁  𝐴𝐴 

 𝑀𝑀𝑁𝑁𝑁𝑁
 𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)   𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)  

 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦))  

𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦),  𝐼𝐼𝐴𝐴(𝑦𝑦))

𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑖𝑖𝑖𝑖𝑖𝑖𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))  

𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦))
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  𝐼𝐼𝐴𝐴(𝑦𝑦))  

𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑦𝑦∈𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  𝐹𝐹𝐴𝐴(𝑦𝑦)).  

 𝑇𝑇, 𝐼𝐼, 𝐹𝐹  
 𝑀𝑀𝑁𝑁𝑁𝑁.

  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀𝑁𝑁𝑁𝑁)  𝑥𝑥 ∈ 𝑋𝑋

𝜇𝜇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝑋𝑋(𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) = (𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦))
𝜇𝜇𝐴𝐴(𝑦𝑦) = (𝑇𝑇𝐴𝐴(𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦)).

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) = (1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦),  1 −
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦),  1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦))

⊕𝑀𝑀𝑁𝑁𝑁𝑁

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)

= (𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦)),  𝑚𝑚𝑚𝑚𝑚𝑚(1 −

𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦)),  𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))).
⋀ 𝑦𝑦 ∈ 𝑋𝑋

𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)

𝜇𝜇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦))

     𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)

= (𝑚𝑚𝑚𝑚𝑚𝑚 (𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦)) ,  𝑚𝑚𝑚𝑚𝑚𝑚 (𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦)) , 
𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))

).

⋁
𝑦𝑦 ∈ 𝑋𝑋 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)

𝑀𝑀 = 𝑀𝑀𝑁𝑁𝑁𝑁

𝑀𝑀𝑁𝑁𝑁𝑁

𝑀𝑀  
𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋), 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵

𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋.
M 𝑅𝑅, 𝑆𝑆: 𝑋𝑋 × 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), we

𝑅𝑅 ≤𝑀𝑀 𝑆𝑆 𝑅𝑅(𝑥𝑥, 𝑦𝑦) ≤𝑀𝑀 𝑆𝑆(𝑥𝑥, 𝑦𝑦) for all 𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋.
 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝑋𝑋)  𝐴𝐴𝑐𝑐 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥): =  𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) 𝑥𝑥 ∈ 𝑋𝑋.
 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) = ⋀ 𝑦𝑦∈𝑋𝑋 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))  

 𝑅𝑅𝑀𝑀(𝐴𝐴), 𝑅𝑅𝑀𝑀(𝐴𝐴) ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋).

  𝑥𝑥 ∈ 𝑋𝑋  𝑦𝑦 ∈ 𝑋𝑋  
𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)   𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

⊕𝑀𝑀𝑁𝑁𝑁𝑁

𝑁𝑁𝑀𝑀𝑁𝑁𝑁𝑁 (𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)

= (𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦)),  𝑚𝑚𝑚𝑚𝑚𝑚(1 −

𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦)),  𝑚𝑚𝑚𝑚𝑚𝑚(1 − 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))).
⋀ 𝑦𝑦 ∈ 𝑋𝑋

𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)

𝜇𝜇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦))

     𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀𝑁𝑁𝑁𝑁 𝜇𝜇𝐴𝐴(𝑦𝑦)

= (𝑚𝑚𝑚𝑚𝑚𝑚 (𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁 (𝑥𝑥, 𝑦𝑦), 𝑇𝑇𝐴𝐴(𝑦𝑦)) ,  𝑚𝑚𝑚𝑚𝑚𝑚 (𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐼𝐼𝐴𝐴(𝑦𝑦)) , 
𝑚𝑚𝑚𝑚𝑚𝑚(𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝑥𝑥, 𝑦𝑦), 𝐹𝐹𝐴𝐴(𝑦𝑦))

).

⋁
𝑦𝑦 ∈ 𝑋𝑋 𝑇𝑇𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)
𝐼𝐼𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥) 𝐹𝐹𝑅𝑅𝑁𝑁𝑁𝑁(𝐴𝐴)(𝑥𝑥)

𝑀𝑀 = 𝑀𝑀𝑁𝑁𝑁𝑁

𝑀𝑀𝑁𝑁𝑁𝑁

𝑀𝑀  
𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋), 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵

𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋.
M 𝑅𝑅, 𝑆𝑆: 𝑋𝑋 × 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), we

𝑅𝑅 ≤𝑀𝑀 𝑆𝑆 𝑅𝑅(𝑥𝑥, 𝑦𝑦) ≤𝑀𝑀 𝑆𝑆(𝑥𝑥, 𝑦𝑦) for all 𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋.
 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝑋𝑋)  𝐴𝐴𝑐𝑐 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 

𝜇𝜇𝐴𝐴𝑐𝑐(𝑥𝑥): =  𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝑥𝑥)) 𝑥𝑥 ∈ 𝑋𝑋.
 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝑋𝑋)
𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) = ⋀ 𝑦𝑦∈𝑋𝑋 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝑋𝑋(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))  

 𝑅𝑅𝑀𝑀(𝐴𝐴), 𝑅𝑅𝑀𝑀(𝐴𝐴) ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋).

  𝑥𝑥 ∈ 𝑋𝑋  𝑦𝑦 ∈ 𝑋𝑋  
𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)   𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

 𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)  
𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ∈ 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)   𝑋𝑋  
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)   ⋀𝑦𝑦∈𝑋𝑋(⋯ )

 ⋁𝑦𝑦∈𝑋𝑋(⋯ )  𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)  
 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)   𝑅𝑅𝑀𝑀(𝐴𝐴)  𝑅𝑅𝑀𝑀(𝐴𝐴)

 𝑈𝑈𝑀𝑀(𝑋𝑋)

 𝐴𝐴, 𝐵𝐵 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵
𝑅𝑅𝑀𝑀(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑀𝑀(𝐵𝐵), 𝑅𝑅𝑀𝑀(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑀𝑀(𝐵𝐵).

𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵, i. e. 𝜇𝜇𝐴𝐴(𝑦𝑦) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦)   
𝑦𝑦 ∈ 𝑋𝑋.  𝑥𝑥 ∈ 𝑋𝑋.  ⊕𝑀𝑀 ⊗𝑀𝑀  

 𝑦𝑦 ∈ 𝑋𝑋
𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ≤𝑀𝑀 𝑁𝑁𝑀𝑀(𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦)

𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ≤𝑀𝑀 𝑅𝑅𝑀𝑀(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦).
𝑦𝑦 ∈ 𝑋𝑋

𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑀𝑀(𝐵𝐵)(𝑥𝑥)
𝑦𝑦 ∈ 𝑋𝑋  𝜇𝜇𝑅𝑅𝑀𝑀(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑀𝑀(𝐵𝐵)(𝑥𝑥)

𝑥𝑥

𝑅𝑅, 𝑆𝑆: 𝑋𝑋 × 𝑋𝑋 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 𝑀𝑀
𝑅𝑅 ≤𝑀𝑀 𝑆𝑆. 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋) 𝑆𝑆(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅(𝐴𝐴)
𝑅𝑅(𝐴𝐴) ⊆𝑀𝑀 𝑆𝑆(𝐴𝐴) 𝑅𝑅, 𝑅𝑅

𝑅𝑅 𝑆𝑆
  𝑅𝑅 ≤𝑀𝑀 𝑆𝑆 𝑁𝑁𝑀𝑀

𝑁𝑁𝑀𝑀(𝑆𝑆(𝑥𝑥, 𝑦𝑦)) ≤𝑀𝑀 𝑁𝑁𝑀𝑀(𝑅𝑅(𝑥𝑥, 𝑦𝑦))  for all 𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋.
𝑥𝑥 ∈ 𝑋𝑋 𝑦𝑦 ∈ 𝑋𝑋 ⊕𝑀𝑀

𝑁𝑁𝑀𝑀(𝑆𝑆(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ≤𝑀𝑀 𝑁𝑁𝑀𝑀(𝑅𝑅(𝑥𝑥, 𝑦𝑦)) ⊕𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦).
𝑦𝑦 𝜇𝜇𝑆𝑆(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅(𝐴𝐴)(𝑥𝑥)

𝑆𝑆(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅(𝐴𝐴)
⊗𝑀𝑀

𝑅𝑅(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) ≤𝑀𝑀 𝑆𝑆(𝑥𝑥, 𝑦𝑦) ⊗𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)
𝑦𝑦 𝑅𝑅(𝐴𝐴) ⊆𝑀𝑀 𝑆𝑆(𝐴𝐴)
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Table 2. A concise comparison of fuzzy rough sets, uncertain sets, and uncertain rough sets.

Aspect Fuzzy rough sets (FRSs) Uncertain sets (U-Sets) Uncertain rough sets (URSs)

Universe Finite U Nonempty X Finite X

Membership/ degree Fuzzy set A:U→[0,1] μA:X→Dom(M)⊆[0,1]k μA:X→Dom(M)⊆[0,1]k

Underlying relation Fuzzy relation R:U×U→[0,1] Not required (standalone membership 
model) M-relation RM:X×X→Dom(M)

Algebraic structure on 
degrees ([0,1],≤,max,min,1-⋅) (Dom(M),≤M,⊕M,⊗M,NM) (typically De 

Morgan lattice)
Same as U-Sets (needed to define 
approximations)

Approximation 
operators (A),  (A) via infmax and supmin Not part of the basic notion (A),  (A) via ⋀(NM (RM)⊕M μA) and ⋁(RM 

⊗M μA)

Output form Pair of fuzzy sets (lower/upper) Single M-valued set Pair of M-valued sets (lower/upper)

Expressiveness/scope Models graded indiscernibility with 
scalar degrees

Unifies fuzzy, intuitionistic fuzzy, 
neutrosophic, plithogenic, etc.

Unifies rough approximations across the 
same families; FRS is a special case

Typical use Feature selection, decision support, 
uncertainty-aware classification

Unified operations/similarity across 
heterogeneous uncertainty models

Approximation-based reasoning under 
general (vector/multi-degree) uncertainty

3.4. Functorial rough sets 

𝐶𝐶
𝐹𝐹: 𝐶𝐶 → 𝑆𝑆𝑆𝑆𝑆𝑆 (𝐶𝐶, 𝐹𝐹)

𝑀𝑀
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) bounded De Morgan lattice

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), ≤𝑀𝑀,∨𝑀𝑀,∧𝑀𝑀, 𝑁𝑁𝑀𝑀, 0𝑀𝑀, 1𝑀𝑀)
∨𝑀𝑀 ∧𝑀𝑀 𝑁𝑁𝑀𝑀

0𝑀𝑀, 1𝑀𝑀
Notation.

⊕𝑀𝑀∶= ∨𝑀𝑀 ⊗𝑀𝑀∶= ∧𝑀𝑀
⊕𝑀𝑀 ⊗𝑀𝑀

𝐹𝐹(𝑋𝑋)
𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶).

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝐹𝐹(𝑋𝑋)

𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))   ∶=    { 𝜇𝜇: 𝐹𝐹(𝑋𝑋) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) }
𝑀𝑀 𝐹𝐹(𝑋𝑋)

 𝑓𝑓: 𝑋𝑋 → 𝑌𝑌  𝐶𝐶
𝐹𝐹(𝑓𝑓): 𝐹𝐹(𝑋𝑋) → 𝐹𝐹(𝑌𝑌)

𝑓𝑓∗: 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌)) → 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑓𝑓∗(𝜇𝜇)   ∶=   𝜇𝜇 ∘ 𝐹𝐹(𝑓𝑓).
𝜇𝜇 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌)) 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)

(𝑓𝑓∗𝜇𝜇)(𝑥𝑥) = 𝜇𝜇(𝐹𝐹(𝑓𝑓)(𝑥𝑥)).

(𝑖𝑖𝑖𝑖𝑋𝑋)∗ = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  (𝑔𝑔 ∘ 𝑓𝑓)∗ = 𝑓𝑓∗ ∘ 𝑔𝑔∗

𝑓𝑓, 𝑔𝑔

3.4. Functorial rough sets 

𝐶𝐶
𝐹𝐹: 𝐶𝐶 → 𝑆𝑆𝑆𝑆𝑆𝑆 (𝐶𝐶, 𝐹𝐹)

𝑀𝑀
𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) bounded De Morgan lattice

(𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀), ≤𝑀𝑀,∨𝑀𝑀,∧𝑀𝑀, 𝑁𝑁𝑀𝑀, 0𝑀𝑀, 1𝑀𝑀)
∨𝑀𝑀 ∧𝑀𝑀 𝑁𝑁𝑀𝑀

0𝑀𝑀, 1𝑀𝑀
Notation.

⊕𝑀𝑀∶= ∨𝑀𝑀 ⊗𝑀𝑀∶= ∧𝑀𝑀
⊕𝑀𝑀 ⊗𝑀𝑀

𝐹𝐹(𝑋𝑋)
𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶).

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝐹𝐹(𝑋𝑋)

𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))   ∶=    { 𝜇𝜇: 𝐹𝐹(𝑋𝑋) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) }
𝑀𝑀 𝐹𝐹(𝑋𝑋)

 𝑓𝑓: 𝑋𝑋 → 𝑌𝑌  𝐶𝐶
𝐹𝐹(𝑓𝑓): 𝐹𝐹(𝑋𝑋) → 𝐹𝐹(𝑌𝑌)

𝑓𝑓∗: 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌)) → 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑓𝑓∗(𝜇𝜇)   ∶=   𝜇𝜇 ∘ 𝐹𝐹(𝑓𝑓).
𝜇𝜇 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌)) 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)

(𝑓𝑓∗𝜇𝜇)(𝑥𝑥) = 𝜇𝜇(𝐹𝐹(𝑓𝑓)(𝑥𝑥)).

(𝑖𝑖𝑖𝑖𝑋𝑋)∗ = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  (𝑔𝑔 ∘ 𝑓𝑓)∗ = 𝑓𝑓∗ ∘ 𝑔𝑔∗

𝑓𝑓, 𝑔𝑔

𝑋𝑋 ↦ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  𝑓𝑓 ↦ 𝑓𝑓∗

      𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹: 𝐶𝐶𝑜𝑜𝑜𝑜 → 𝑆𝑆𝑆𝑆𝑆𝑆.

 𝐶𝐶 𝐹𝐹 𝑀𝑀
 𝑀𝑀 (𝐶𝐶, 𝐹𝐹)

𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝑀𝑀
𝑅𝑅𝑋𝑋: 𝐹𝐹(𝑋𝑋) × 𝐹𝐹(𝑋𝑋) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑅𝑅𝑋𝑋, 𝑅𝑅𝑋𝑋: 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) → 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))

𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)
𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥)   ∶=    ⋀𝑦𝑦∈𝐹𝐹(𝑋𝑋)

𝑀𝑀 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)), 

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥)   ∶=    ⋁𝑦𝑦∈𝐹𝐹(𝑋𝑋)
𝑀𝑀 (𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)),

⋀𝑀𝑀 ⋁𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌))

𝑅𝑅𝑋𝑋(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗ (𝑅𝑅𝑌𝑌(𝐴𝐴))  𝑅𝑅𝑋𝑋(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗(𝑅𝑅𝑌𝑌(𝐴𝐴)).

(𝑅𝑅𝑋𝑋)𝑋𝑋 (𝑅𝑅𝑋𝑋)𝑋𝑋
𝑅𝑅, 𝑅𝑅: 𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹 ⇒ 𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹.
 𝑀𝑀  (𝐶𝐶, 𝐹𝐹)

(𝑅𝑅𝑋𝑋)𝑋𝑋∈𝑂𝑂𝑂𝑂(𝐶𝐶)
𝐴𝐴𝑋𝑋 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶 𝐴𝐴𝑋𝑋 = 𝑓𝑓∗(𝐴𝐴𝑌𝑌).

𝑋𝑋 (𝑅𝑅𝑋𝑋(𝐴𝐴𝑋𝑋),  𝑅𝑅𝑋𝑋(𝐴𝐴𝑋𝑋))
𝐴𝐴  𝑋𝑋

𝐶𝐶
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𝑋𝑋 ↦ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  𝑓𝑓 ↦ 𝑓𝑓∗

      𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹: 𝐶𝐶𝑜𝑜𝑜𝑜 → 𝑆𝑆𝑆𝑆𝑆𝑆.

 𝐶𝐶 𝐹𝐹 𝑀𝑀
 𝑀𝑀 (𝐶𝐶, 𝐹𝐹)

𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝑀𝑀
𝑅𝑅𝑋𝑋: 𝐹𝐹(𝑋𝑋) × 𝐹𝐹(𝑋𝑋) → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)

𝑅𝑅𝑋𝑋, 𝑅𝑅𝑋𝑋: 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) → 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))

𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)
𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥)   ∶=    ⋀𝑦𝑦∈𝐹𝐹(𝑋𝑋)

𝑀𝑀 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)), 

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥)   ∶=    ⋁𝑦𝑦∈𝐹𝐹(𝑋𝑋)
𝑀𝑀 (𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)),

⋀𝑀𝑀 ⋁𝑀𝑀

𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀)
𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶 𝐴𝐴 ∈

𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌))

𝑅𝑅𝑋𝑋(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗ (𝑅𝑅𝑌𝑌(𝐴𝐴))  𝑅𝑅𝑋𝑋(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗(𝑅𝑅𝑌𝑌(𝐴𝐴)).

(𝑅𝑅𝑋𝑋)𝑋𝑋 (𝑅𝑅𝑋𝑋)𝑋𝑋
𝑅𝑅, 𝑅𝑅: 𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹 ⇒ 𝑈𝑈𝑀𝑀 ∘ 𝐹𝐹.
 𝑀𝑀  (𝐶𝐶, 𝐹𝐹)

(𝑅𝑅𝑋𝑋)𝑋𝑋∈𝑂𝑂𝑂𝑂(𝐶𝐶)
𝐴𝐴𝑋𝑋 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶 𝐴𝐴𝑋𝑋 = 𝑓𝑓∗(𝐴𝐴𝑌𝑌).

𝑋𝑋 (𝑅𝑅𝑋𝑋(𝐴𝐴𝑋𝑋),  𝑅𝑅𝑋𝑋(𝐴𝐴𝑋𝑋))
𝐴𝐴  𝑋𝑋

𝐶𝐶

 𝑋𝑋0 
 𝑅𝑅𝑀𝑀,0: 𝑋𝑋0 × 𝑋𝑋0 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 

M 𝐶𝐶0  
∗ 𝑖𝑖𝑖𝑖∗   𝐹𝐹0: 𝐶𝐶0 →
𝑆𝑆𝑆𝑆𝑆𝑆  𝐹𝐹0(∗) = 𝑋𝑋0.

 𝑀𝑀  (𝐶𝐶0, 𝐹𝐹0) 
 𝑀𝑀  

 𝑋𝑋0  𝑅𝑅𝑀𝑀,0.

𝐶𝐶0 𝑖𝑖𝑖𝑖∗
(𝑖𝑖𝑖𝑖∗)∗ 𝑈𝑈𝑀𝑀(𝑋𝑋0),

(𝐶𝐶0, 𝐹𝐹0) 𝑀𝑀 𝑋𝑋0

𝑋𝑋0 (𝐴𝐴𝑋𝑋)𝑋𝑋
𝐴𝐴∗ ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋0)

 (𝐶𝐶, 𝐹𝐹)   𝑀𝑀  
 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)   M

 𝐹𝐹(𝑋𝑋)   𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∶=  {1𝑀𝑀, 𝑥𝑥 = 𝑦𝑦, 0𝑀𝑀, 𝑥𝑥 ≠ 𝑦𝑦,

𝑥𝑥, 𝑦𝑦 ∈ 𝐹𝐹(𝑋𝑋). 
 𝑋𝑋  𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴,  𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴.

 (𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖)𝑋𝑋  (𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖)𝑋𝑋  

 (𝐶𝐶, 𝐹𝐹)  

 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖

 
𝐹𝐹.

𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑥𝑥 ∈
𝐹𝐹(𝑋𝑋)
      𝜇𝜇𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝐹𝐹(𝑋𝑋)
𝑀𝑀 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥, 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 𝑁𝑁𝑀𝑀(1𝑀𝑀) = 0𝑀𝑀

0𝑀𝑀 ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) =
𝜇𝜇𝐴𝐴(𝑥𝑥) 𝑦𝑦 ≠ 𝑥𝑥 𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) = 0𝑀𝑀 𝑁𝑁𝑀𝑀(0𝑀𝑀) = 1𝑀𝑀
1𝑀𝑀 ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀

𝜇𝜇𝐴𝐴(𝑥𝑥) 1𝑀𝑀
𝜇𝜇𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)

𝜇𝜇𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝐹𝐹(𝑋𝑋)

𝑀𝑀 (𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))

 𝑋𝑋0 
 𝑅𝑅𝑀𝑀,0: 𝑋𝑋0 × 𝑋𝑋0 → 𝐷𝐷𝐷𝐷𝐷𝐷(𝑀𝑀) 

M 𝐶𝐶0  
∗ 𝑖𝑖𝑖𝑖∗   𝐹𝐹0: 𝐶𝐶0 →
𝑆𝑆𝑆𝑆𝑆𝑆  𝐹𝐹0(∗) = 𝑋𝑋0.

 𝑀𝑀  (𝐶𝐶0, 𝐹𝐹0) 
 𝑀𝑀  

 𝑋𝑋0  𝑅𝑅𝑀𝑀,0.

𝐶𝐶0 𝑖𝑖𝑖𝑖∗
(𝑖𝑖𝑖𝑖∗)∗ 𝑈𝑈𝑀𝑀(𝑋𝑋0),

(𝐶𝐶0, 𝐹𝐹0) 𝑀𝑀 𝑋𝑋0

𝑋𝑋0 (𝐴𝐴𝑋𝑋)𝑋𝑋
𝐴𝐴∗ ∈ 𝑈𝑈𝑀𝑀(𝑋𝑋0)

 (𝐶𝐶, 𝐹𝐹)   𝑀𝑀  
 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)   M

 𝐹𝐹(𝑋𝑋)   𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∶=  {1𝑀𝑀, 𝑥𝑥 = 𝑦𝑦, 0𝑀𝑀, 𝑥𝑥 ≠ 𝑦𝑦,

𝑥𝑥, 𝑦𝑦 ∈ 𝐹𝐹(𝑋𝑋). 
 𝑋𝑋  𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴,  𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴.

 (𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖)𝑋𝑋  (𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖)𝑋𝑋  

 (𝐶𝐶, 𝐹𝐹)  

 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖

 
𝐹𝐹.

𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶) 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑥𝑥 ∈
𝐹𝐹(𝑋𝑋)
      𝜇𝜇𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋀𝑦𝑦∈𝐹𝐹(𝑋𝑋)
𝑀𝑀 (𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)).

𝑦𝑦 = 𝑥𝑥, 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 𝑁𝑁𝑀𝑀(1𝑀𝑀) = 0𝑀𝑀

0𝑀𝑀 ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) =
𝜇𝜇𝐴𝐴(𝑥𝑥) 𝑦𝑦 ≠ 𝑥𝑥 𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) = 0𝑀𝑀 𝑁𝑁𝑀𝑀(0𝑀𝑀) = 1𝑀𝑀
1𝑀𝑀 ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 1𝑀𝑀

𝜇𝜇𝐴𝐴(𝑥𝑥) 1𝑀𝑀
𝜇𝜇𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)

𝜇𝜇𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴)(𝑥𝑥) = ⋁𝑦𝑦∈𝐹𝐹(𝑋𝑋)

𝑀𝑀 (𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦))

𝑦𝑦 = 𝑥𝑥 1𝑀𝑀 ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)
𝑦𝑦 ≠ 𝑥𝑥 0𝑀𝑀 ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀

𝜇𝜇𝐴𝐴(𝑥𝑥) 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))
𝑋𝑋

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗ (𝑅𝑅𝑌𝑌

𝑖𝑖𝑖𝑖(𝐴𝐴))  𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗(𝑅𝑅𝑌𝑌

𝑖𝑖𝑖𝑖(𝐴𝐴))

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌
 

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶  𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌))
𝑓𝑓∗(𝐴𝐴𝑐𝑐) = (𝑓𝑓∗𝐴𝐴)𝑐𝑐.

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)

𝜇𝜇𝑓𝑓∗(𝐴𝐴𝑐𝑐)(𝑥𝑥) = 𝜇𝜇𝐴𝐴𝑐𝑐(𝐹𝐹(𝑓𝑓)(𝑥𝑥)) = 𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝐹𝐹(𝑓𝑓)(𝑥𝑥)))
= 𝑁𝑁𝑀𝑀(𝜇𝜇𝑓𝑓∗𝐴𝐴(𝑥𝑥)) = 𝜇𝜇(𝑓𝑓∗𝐴𝐴)𝑐𝑐(𝑥𝑥).

𝑓𝑓∗(𝐴𝐴𝑐𝑐) = (𝑓𝑓∗𝐴𝐴)𝑐𝑐

 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)   𝐴𝐴, 𝐵𝐵 ∈
𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵  . 𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)   𝑥𝑥

 𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐵𝐵)  𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐵𝐵).

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋) ∨𝑀𝑀 ∧𝑀𝑀
𝑦𝑦 ∈ 𝐹𝐹(𝑋𝑋)

𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)   ≤𝑀𝑀 𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦)

𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)   ≤𝑀𝑀   𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦).
𝑦𝑦

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑋𝑋(𝐵𝐵)(𝑥𝑥)
𝑦𝑦

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑋𝑋(𝐵𝐵)(𝑥𝑥). 𝑥𝑥

 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶).  𝑀𝑀  𝑅𝑅𝑋𝑋
. 

 𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 for all 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋).
 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  

 𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝐴𝐴 ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐴𝐴). 

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)
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4. Conclusions

In this article, operations, similarity measures, and 
rough-set structures within the framework of U-Sets 
and closely related generalisations were examined. 
Concretely, basic set-theoretic operations (inclusion, 
complement, union/intersection, difference, and 
α-cuts) for U-Sets were formalised under a general De 
Morgan lattice of uncertainty degrees, and axiomatic 
uncertain similarity measures were introduced 
together with representative L1- and Chebyshev-type 
constructions. The author also defined URSs induced 
by M-valued relations and established that the resulting 
lower/upper approximation operators recover classical 
FRSs and single-valued NRSs as special cases. Finally, 
a functorial extension was outlined in which rough 
approximations are required to be natural with respect 
to morphisms, thereby enabling the coherent transport 
of approximations across changing universes.

It is expected that future research will further clarify 
how the concepts developed here behave in the settings 
of Uncertain Graphs, Uncertain HyperGraphs, and 
Uncertain SuperHyperGraphs, and how the proposed 
operations and similarity measures can be leveraged for 
structure-aware comparison, clustering, and decision-
making on such uncertain relational models [26, 27].  
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𝑦𝑦 = 𝑥𝑥 1𝑀𝑀 ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥)
𝑦𝑦 ≠ 𝑥𝑥 0𝑀𝑀 ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦) = 0𝑀𝑀

𝜇𝜇𝐴𝐴(𝑥𝑥) 𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝐴𝐴) = 𝐴𝐴

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝑅𝑅𝑋𝑋

𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))
𝑋𝑋

𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗ (𝑅𝑅𝑌𝑌

𝑖𝑖𝑖𝑖(𝐴𝐴))  𝑅𝑅𝑋𝑋
𝑖𝑖𝑖𝑖(𝑓𝑓∗𝐴𝐴) = 𝑓𝑓∗(𝑅𝑅𝑌𝑌

𝑖𝑖𝑖𝑖(𝐴𝐴))

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌
 

𝑓𝑓: 𝑋𝑋 → 𝑌𝑌 𝐶𝐶  𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑌𝑌))
𝑓𝑓∗(𝐴𝐴𝑐𝑐) = (𝑓𝑓∗𝐴𝐴)𝑐𝑐.

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)

𝜇𝜇𝑓𝑓∗(𝐴𝐴𝑐𝑐)(𝑥𝑥) = 𝜇𝜇𝐴𝐴𝑐𝑐(𝐹𝐹(𝑓𝑓)(𝑥𝑥)) = 𝑁𝑁𝑀𝑀(𝜇𝜇𝐴𝐴(𝐹𝐹(𝑓𝑓)(𝑥𝑥)))
= 𝑁𝑁𝑀𝑀(𝜇𝜇𝑓𝑓∗𝐴𝐴(𝑥𝑥)) = 𝜇𝜇(𝑓𝑓∗𝐴𝐴)𝑐𝑐(𝑥𝑥).

𝑓𝑓∗(𝐴𝐴𝑐𝑐) = (𝑓𝑓∗𝐴𝐴)𝑐𝑐

 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶)   𝐴𝐴, 𝐵𝐵 ∈
𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋)) 𝐴𝐴 ⊆𝑀𝑀 𝐵𝐵  . 𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐵𝐵(𝑥𝑥)   𝑥𝑥

 𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐵𝐵)  𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐵𝐵).

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋) ∨𝑀𝑀 ∧𝑀𝑀
𝑦𝑦 ∈ 𝐹𝐹(𝑋𝑋)

𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)   ≤𝑀𝑀 𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦)) ∨𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦)

𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑦𝑦)   ≤𝑀𝑀   𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑦𝑦) ∧𝑀𝑀 𝜇𝜇𝐵𝐵(𝑦𝑦).
𝑦𝑦

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑋𝑋(𝐵𝐵)(𝑥𝑥)
𝑦𝑦

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑋𝑋(𝐵𝐵)(𝑥𝑥). 𝑥𝑥

 𝑋𝑋 ∈ 𝑂𝑂𝑂𝑂(𝐶𝐶).  𝑀𝑀  𝑅𝑅𝑋𝑋
. 

 𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑥𝑥) = 1𝑀𝑀 for all 𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋).
 𝐴𝐴 ∈ 𝑈𝑈𝑀𝑀(𝐹𝐹(𝑋𝑋))  

 𝑅𝑅𝑋𝑋(𝐴𝐴) ⊆𝑀𝑀 𝐴𝐴 ⊆𝑀𝑀 𝑅𝑅𝑋𝑋(𝐴𝐴). 

𝑥𝑥 ∈ 𝐹𝐹(𝑋𝑋)
≤ 𝑅𝑅𝑋𝑋(𝐴𝐴) 𝑦𝑦 =

𝑥𝑥
𝑁𝑁𝑀𝑀(𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑥𝑥)) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝑁𝑁𝑀𝑀(1𝑀𝑀) ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥)

= 0𝑀𝑀 ∨𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥).
≤𝑀𝑀

𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥)

≤ 𝑅𝑅𝑋𝑋(𝐴𝐴) 𝑦𝑦 =
𝑥𝑥
      𝑅𝑅𝑋𝑋(𝑥𝑥, 𝑥𝑥) ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 1𝑀𝑀 ∧𝑀𝑀 𝜇𝜇𝐴𝐴(𝑥𝑥) = 𝜇𝜇𝐴𝐴(𝑥𝑥).

≥𝑀𝑀
𝜇𝜇𝐴𝐴(𝑥𝑥) ≤𝑀𝑀 𝜇𝜇𝑅𝑅𝑋𝑋(𝐴𝐴)(𝑥𝑥)

𝑥𝑥
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