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Abstract:

An uncertain set assigns a generalised uncertainty value to each element, thus
providing a single membership-function template that encompasses many degree-
based models, including fuzzy, intuitionistic fuzzy, neutrosophic, and plithogenic sets
[1]. Building on this unified viewpoint, we investigate three core components of
uncertainty-aware reasoning: algebraic operations, similarity measures, and rough-
set-style approximations. First, for a fixed uncertainty model M whose degree domain
is equipped with a De Morgan lattice structure, inclusion, complement, union,
intersection, difference, and level-set (a-cut) constructions are defined for M-type
uncertain sets. Second, the author introduces an axiomatic notion of an uncertain
similarity measure and provide concrete families, including normalised L;- and
Chebyshev-type similarities, together with basic properties and reductions to familiar
formulas in classical special cases. Third, uncertain rough sets are defined via M-
valued relations and corresponding lower/upper approximation operators, and the
resulting framework is shown to subsume standard fuzzy rough sets and component-
wise neutrosophic rough sets. Finally, a categorical extension based on functorial sets
is developed, obtaining functorial rough sets whose approximation operators satisfy
naturality with respect to morphisms, thereby enabling the compositional transport
of rough approximations across changing universes.

Keywords: functorial set, fuzzy set, neutrosophic set, rough approximation, similarity
measure, uncertain set.

Classification numbers: 1.1,1.2, 1.3

1. Introduction
1.1. Uncertain sets

Classical (crisp) set theory provides a precise and widely used language for formal
reasoning and mathematical modelling [2]. However, many real-world problems involve
vagueness, incomplete information, or conflicting evidence, which have motivated a broad
family of generalised set-theoretic frameworks. Prominent examples include fuzzy sets [3-
5], intuitionistic fuzzy sets [6], hesitant fuzzy sets [7], picture fuzzy sets [8], single-valued
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neutrosophic sets (NSs) [9-11], double-valued NSs [12], plithogenic sets [13, 14], and soft
sets [15-17].

A fuzzy set assigns a membership grade u(x) € [0,1], to each element x, thereby
capturing gradual inclusion rather than a binary yes/no decision [5, 18]. NS refines this idea
by associating three (typically independent) degrees T'(x),I(x), F(x) € [0,1], interpreted
as truth, indeterminacy, and falsity, respectively [9, 19]. Owing to their expressive power,
these models have been used in diverse areas such as decision-making [20], robotics and
system integration [21], artificial intelligence [22], and neural networks [23, 24].

More recently, uncertain sets (U-Sets) have been proposed as a unifying umbrella
under which many degree-based models - including fuzzy, intuitionistic fuzzy,
neutrosophic, plithogenic, hesitant, and related structures - can be handled within a single
formal template [1, 25-27]. In addition, functorial sets provide a categorical layer that
organises such assignments across objects and morphisms, enabling systematic and
compositional transport of structure [1, 25]. This unification is valuable both conceptually
and algorithmically: it offers a common interface for defining operations and building
uncertainty-aware methods in decision science and beyond. Table 1 illustrates how
representative degree-based models can be realised within the U-Set framework.

Table 1. Uncertain sets as a unifying framework (illustrative cases).

Model Degree domain Realisation as a U-Set

Fuzzy set [0,1] Choose M with Dom(M) = [0,1] and set py (x) =
u(x).

Intuitionistic fuzzy set [0,17° Choose M with Dom(M) = [0,1]° and set uy, (x) =
(u(x), v(x)).

NS [0.17° Choose M with Dom(M) = [0,1]° and set uy, (x) =
(T'(x), I(x), F (x)).

Plithogenic set [0.11" Choose M with Dom(M) < [0,1]™ and set (%)

to the plithogenic degree vector of x.

U-Set research is important because it provides a unified mathematical interface for
diverse uncertainty models, enabling consistent operations, similarity measures, and
approximation frameworks, and supporting transferable algorithms for decision-making,
learning, and knowledge representation.

1.2. Operations, similarity measures, and rough sets

Operations on fuzzy [28], neutrosophic [29], and plithogenic sets have been studied
extensively, with many choices of conjunctions, disjunctions, complements, and
aggregation rules tailored to specific applications. In parallel, similarity measures quantify
the resemblance between two uncertainty-aware objects by mapping a pair to a score,
commonly normalised to the interval [0,/]. Such measures play a central role in clustering,
pattern recognition, and decision-making under uncertainty. Similarity measures have been
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studied within each of the fuzzy [30, 31], neutrosophic [32-35], and plithogenic set [36, 37]
frameworks.

Rough set (RS) theory provides another complementary viewpoint: given an
indiscernibility (or similarity) relation, an imprecise target set is approximated by its lower
and upper approximations, representing certain and possible membership, respectively [38,
39]. Many extensions are known, including fuzzy rough sets (FRSs) [40] and neutrosophic
rough sets (NRSs) [41, 42], and analogous RS constructions have been explored for other
generalised set models. These approximation-based methods have proved useful in decision
support, data analysis, and several areas of mathematics and computer science.

1.3. Contributions

The developments reviewed above suggest that U-Sets and functorial sets, together
with operations, similarity measures, and rough approximations, form a coherent ecosystem
for uncertainty-aware mathematics and algorithms. However, a unified treatment that
integrates operations, similarity measures, and rough-set structures directly within the
U-Set framework is still relatively limited.

To help fill this gap, these three components are investigated in a common setting of
U-Sets and closely related generalisations. This perspective yields a unified and
interoperable toolkit: it supports consistent theory, facilitates transferable algorithmic
design, and strengthens decision-making under heterogeneous forms of uncertainty. In
addition, extensions are developed based on functorial sets. In particular, functorial rough
sets (FunRSs) provide natural, compositional rough approximations across changing
universes, enabling coherent transport of uncertainty reasoning along morphisms.

2. Preliminaries

In this section, the basic concepts and notation that will be used later are collected.
Unless stated explicitly, all sets under consideration are assumed to be finite.

2.1. Fuzzy set and neutrosophic set

A fuzzy set attaches to every element of a given universe a membership degree lying
in the unit interval [0,/]. In this way, gradual levels of membership are used to capture
vagueness, instead of a sharp true/false dichotomy [5, 43]. Several notable generalisations
of fuzzy sets have been introduced, such as intuitionistic fuzzy sets [44], superhyperfuzzy
sets [45], and hesitant fuzzy sets [7]. These frameworks enrich the classical fuzzy paradigm
by allowing more flexible descriptions of uncertainty and preference. For completeness, the
basic notions, together with their main extensions, are recalled.

Definition 2.1 (Fuzzy set) [5, 46]. Let Y be a non-empty universe. A fuzzy seton Y is
a mapping
Y - [0,1].
A fuzzy relation on Y is a fuzzy subset
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6:Y XY - [01].
We say that 6 is a fuzzy relation on 7 if, forall y,z € Y,
6(y,z) = min{r(y), 7(2)}.

NSs refine the fuzzy framework by assigning to each element three separate degrees:
a truth degree, an indeterminacy degree, and a falsity degree [9, 11, 19, 47]. In addition,
several generalisations of NSs have been proposed, including plithogenic sets [13, 14],
which further increase the modelling capacity for complex uncertainty. The formal
definition is given below.

Definition 2.2 () [19, 48]. Let X be a non-empty set. An NS A on X is determined by
three functions

TeX - [01], 1:X-[01], Fu:X-[01],

where for each x € X, the values T,(x), I4(x), and F4(x) represent, respectively, the
degrees of truth, indeterminacy, and falsity of x with respect to A. These degrees satisty

0<Tyx)+ Li(x)+ F4(x) <3
for every x € X.
2.2. Uncertain set and functorial set

A U-Set assigns a generalised uncertainty value to every element, subsuming fuzzy,
intuitionistic fuzzy, neutrosophic, plithogenic, and related models [1]. A functorial set is a
category-based construction mapping objects to sets and morphisms to structure-preserving
functions, respecting composition and identities [1, 25].

Definition 2.3 (U-Set) [1]. Let X be a non-empty universe and let M be a fixed
uncertainty model with a degree-domain Dom(M) € [0,1]* for some integer k > I (e.g.
fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, etc.). A U-Set of type M (or U-Set of
type M) on X is a mapping

Up:X = Dom(M).

For each element x € X, the value uy (x) € Dom(M) is called the M-membership
degree of x. Classical fuzzy sets, intuitionistic fuzzy sets, NSs, plithogenic sets, and so on,
are obtained by choosing M to be the corresponding uncertainty model.

Definition 2.4 (Functorial set) [1]. Let C be a category and let
F:C - Set

be a covariant functor. The pair (C, F) is called a functorial set. For each object X € Ob(C),
the set F(X) is the set of F-elements (or F-structures) over X. Every morphism f: X - Y
in C induces a structure-preserving map

F():F(X) —» F(Y),

4
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such that F(idy) = idpx) and F(g o f) = F(g) o F(f) for all composable morphisms
f,ginC.
2.3. Rough set

RS theory describes an imprecise subset using a pair of lower and upper
approximations generated from equivalence classes, thereby representing both certain and
possible membership of elements [38, 39]. Several extensions have been proposed,
including the HyperRough set [45], the weighted rough set [49], the FRS [50], and the NRS
[41, 51]. The basic definitions are recalled below.

Definition 2.5 (RS approximation) [52]. Let X be a non-empty universe of discourse,
and let R € X X X be an equivalence (indiscernibility) relation on X. The relation R
partitions X into disjoint equivalence classes, and for each x € X, we write:

[x]p ={y€X1(x,y) ER}.
For any subset U € X, the lower and upper approximations of U with respect to R are
defined as follows:
- The lower approximation of U is:
U={xeXI|[x]lgpc U}
Thus, U consists of all elements whose entire equivalence class is contained in U;

these elements certainly belong to U.
- The upper approximation of U is

U={x€XI|[x]gnU=+0}.

Hence, U collects all elements whose equivalence class has a non-empty intersection
with U; these elements may belong to U.

The pair (U, U) is called the RS determined by U, and always satisfies

ucuclu.

Definition 2.6 (FRS) [53-55]. Let U be a finite, non-empty universe and let R be a
fuzzy relation on U. Consider a fuzzy set A on U with membership function u,: U = [0,1].

The fuzzy rough lower approximation of A with respect to R, denoted aprz (4), is
defined for every x € U by

aprr(4)(x) = infyeymax(I — R(x,¥), ua(y)),  x € U.

The fuzzy rough upper approximation of A with respect to R, denoted apr,(A), is

given by

apr,(A)(x) = supy,eymin(R(x,y),ua(y)), x€U.
The corresponding boundary region of 4 is
bndy(4) = GPT o (A) — apry(A).

Whenever bndy (A) # 0, the fuzzy set A is called an FRS.
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Definition 2.7 (NRS) [41, 42, 56]. Let U be a non-empty universe and let R be a
single-valued neutrosophic relation on U. For each pair (x,y) € U X U, write

R(x, :V) = (RT(x! y)! Rl(xr y)r RF(xr y)),

where Ry (x,y), R;(x,y), and Rp(x,y) denote the truth, indeterminacy, and falsity
degrees, respectively. Let A € U.

The neutrosophic lower approximation of A with respect to R, denoted R(A), is the
triple of mappings

Rr(A)(x) = innyART(xr ¥,
R, (A)(x) = supyeaR;(x,y), Vx €U
Rp(A)(x) = supyeaRr(x,y).

The neutrosophic upper approximation of A with respect to R, denoted R(A), is
defined by

ET(A)(X) = supyeumin(RT(x, y), ]{yEA})a
R,(Ax) = infyeumax(R,(x, y), I{yeA}), vx €U

EF (A x) = infyeumax(RF (x,¥), ]{Y$A})-

where 1,¢ 4y (respectively, /¢y¢43) denotes the indicator of membership (respectively, non-
membership) in A.

The pair (R(A), R(A)) is called the NRS of A induced by R.
3. Results

The main findings of this article are presented in this section.

3.1. Basic operations of uncertain sets

In this subsection, we fix an uncertainty model M with a degree-domain Dom(M) <
[0,1]% for some integer k = 1. We assume that Dom (M) is equipped with

- a partial order <,, (usually the coordinate-wise order),
- a binary “union” operation @,;: Dom(M) X Dom(M) —» Dom(M),
- a binary “intersection” operation & ,: Dom(M) X Dom(M) - Dom(M),

- and a unary “complement” operation Ny,: Dom(M) - Dom(M),
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such that (Dom(M),B;,® 1, Ny) is a De Morgan lattice.!

Remark 3.1. The De Morgan lattice [57] assumption provides a uniform algebraic
setting in which unions, intersections, and complements are realised by the join @ ,,, meet
®um, and negation Ny, so that many structural properties (e.g., monotonicity and De
Morgan’s laws) follow abstractly. We note, however, that this choice restricts the
admissible aggregation operators; in particular, common non-idempotent t-norm/t-conorm
pairs (e.g., the product t-norm) are not covered unless one moves to a different algebraic
base (such as a residuated lattice).

Let X be a non-empty universe and let
Ua: X = Dom(M)
be a U-Set of type M on X (an M-membership function).

Definition 3.2 (Inclusion and equality). Let A and B be uncertain sets of type M on
X with membership functions py, pug: X = Dom(M).

(1) We say that A is contained in B (and write A €, B) if
Ua(x) <y ug(x) forallx € X.
(i) We say that A and B are equal (and write A =, B) if A S, B and B &, A.

Example 3.3 (Inclusion and equality of U-Sets). Let X = {x,, x,, x3} and take the
fuzzy model Dom(M) = [0,1] with the usual order, @, = max, Q= min, Ny (t) =1 —
t.

Define two U-Sets A4, B of type M by

pa(x;) = 0.2, pa(x;) = 0.5, pa(x3) = 0.7,

up(x;) = 04, pg(x;) = 0.5, ug(x3) = 0.9.
Then,

pa(x;) < pp(x;) (= 123),
soA S, Bbut B €, A, hence A #, B.
Now, define C, D by
te(x) = pp(x;) = pa(x) (i = 1,2,3).

"For example, when Dom(M)=[0,1]¥, we may take <), to be the coordinate-wise order, @,, and
& to be coordinate-wise max and min, and Ny, (ai,...,a)=(1-ai,...,1-ax).

7



DOI:10.31276/VJSTE.2026.0007 Mathematics and Computer Science | Mathematics;
Computer Science; Computational Science

Then, C S, D and D S, C,so C =y, D.

Definition 3.4 (Complement of a U-Set). The complement of a U-Set A of type M is
the U-Set A of type M on X whose membership function pyc: X = Dom(M) is defined by

pac(x) = Ny(ua(x)), x€X.
Example 3.5 (Complement of a U-Set). With X and M as above, let A be given by
palx) =03, us(x;) =08, py(x;) = 0.1,
The complement A° has membership
tac(x) = Ny (pa(x)) = 1 — pa (%),
Hence,
Uac(x;) = 0.7, pyue(xy) = 0.2, pue(x;) = 0.9.

Definition 3.6 (Union and intersection). Let A and B be U-Sets of type M on X with
membership functions py, ug: X = Dom(M).

(1) The union A Uy, B is the U-Set of type M on X defined by
Hauys(X) = pa(x) @uy pp(x), x €X.

(i1) The intersection A Ny, B is the U-Set of type M on X defined by
Hanys(X) = pa(x) Qum up(x), x €X.

Example 3.7 (Union and intersection of U-Sets). Let X and M be as above, and define
A, B by

paCx;) = 0.2, pus(x;) =006, pu(x;)=0.9,
up(x;) = 0.5, pp(x;) =04, pg(x;) =0.7.
Then the union A Uy, B and intersection A Ny, B satisfy
Hauys(X) = max{u,(x), up(x)}, Panys(X) = min{u, (x), g (%)},
SO
#AUMB(XJ) = 0.5, :uAUMB(x2) = 0.6, .uAUMB(x3) = 0.9,
#AnMB(xj) = 0.2, .uAnMB(xz) =04, panys(x3) =0.7.

Definition 3.8 (Difference). Let A and B be U-Sets of type M on X. The difference
A\ B is defined by

A\MB = AﬂM BC.
8
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Equivalently, its membership function satisfies

Uavys(X) = pa(x) Oum Ny (up (x)), x € X.
Example 3.9 (Difference of U-Sets). Let X and M be as above, and let 4, B be given

paCx) =09, pa(x;) = 0.6, pu(x;) =03,
up(x;) =04, pp(x;) =07, pp(x;) = 0.2,
Then,
.uA\MB(x) = pa(x) Qu Ny (up(x)) = minfuy (x),1 — up(x)},
Hence,
tav, s (x) = {0.9,0.6} = 0.6,
v, (x2) = {0.6,03} = 0.3,
tay, s (x3) = min{0.3,0.8} = 0.3.

Definition 3.10 (a—cut of a U-Set). Let A be a U-Set of type M on X and let c €
Dom(M) be a fixed threshold. The a—cut (or level set) of A at level c is the crisp subset

[A]lse = {x € X | pa(x) 2y c}-
Example 3.11 (a—cut of a U-Set). Let X and M be as above, and consider A with
paCxep) = 0.2, py(xz) = 0.7, paxs) =09,
For the threshold ¢ = 0.6 € [0,1] = Dom(M), the a—cut
[Alse = (X €X | pa(x) = ¢}
1s
[A]506 = {x2, x5},

because py(x;) = 0.2 < 0.6 while py(x,) = 0.7 = 0.6 and py(x3) = 0.9 = 0.6.

Remark 3.12. If <) is only a partial order, then the a—cut [A]s. can depend
sensitively on the chosen threshold c¢; moreover, unlike the totally ordered case, level sets
need not form a strictly nested (monotone) family as c varies, since some thresholds may
be incomparable under <,,.

3.2. Similarity measures of uncertain sets

In this subsection, a general notion of similarity for U-Sets is introduced, concrete
similarity measures are defined, and simple properties and examples are given. More

9
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specialised similarity measures for neutrosophic and related models can be found in the
literature; for instance, tangent-type measures for single-valued neutrosophic hypersoft
sets.

Definition 3.13 (Uncertain similarity measure). Let X be a finite, non-empty universe
and let M be a fixed uncertainty model with degree-domain Dom(M) € [0,]* for some
integer k > 1. Let Uy, (X) denote the set of all U-Sets of type M on X, i.e., all mappings
Uy:X = Dom(M).

A mapping

is called an uncertain similarity measure (of type M) if for all U-Sets 4, B, C € Uy, (X) the
following hold:

(SHD0<S(AB)<I.
(52) S(A,B) = I ifand only if uy(x) = ug(x) forall x € X.
(53) S(A,B) = S(B, A) (symmetry).

In what follows, we fix a finite universe X with |X| = n and a model M with
Dom(M) < [0,1]%. For each U-Set A of type M we write

e (%) = (uh(x), ..., uk(x)) € [0,1]% forx € X,
where l‘,{x (x) denotes the j-th component of the M-degree of x in A.

Definition 3.14 (L;-based similarity for U-Sets). Let A,B € Uy (X). Define the
normalised L,-distance between A and B by

k
] . .
GAB) = = > |uhe)— el
1

XEX Jj=
The L;-based similarity between A and B is
S](A,B) = ]_d](A,B)

Example 3.15 (A normalised L'-based uncertain similarity measure). Assume that the
uncertainty domain satisfies

Dom(M) < [0,1]*

for some integer k = /. For u = (u,, ...,uy), v = (v, ..., v) € Dom(M), define the
normalised L’-distance

10
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k

1
dy(u,v) = Ez lu; — vl

j=1
Clearly 0 < dy(u,v) < I and dy,(u,v) = 0 ifand only if u = v.

For two U-Sets A, B € Uy (X) with membership functions py, ug: X - Dom(M),
define

1

S,(A,B) = "mz i (e (), 15 ().

XEX

Then, §;; is an uncertain similarity measure in the sense of Definition 3.13:
-0 < S,/(A,B) < I because each term dy; (pu,(x), up(x)) lies in [0,1].

- S,1(A,B) =1 if and only if dy (us(x), ug(x)) = 0 for all x € X, i.e. uy(x) =
Up(x) forall x € X.

- Symmetry holds since dy, (u, v) = dy (v, u), hence S;:1(A4,B) = S,:(B, A).

Thus, S, provides a concrete example of an uncertain similarity measure for general
U-Sets of type M.

Theorem 3.16. For every uncertainty model M and finite universe X, the mapping S,
in Definition 3.14 is an uncertain similarity measure in the sense of Definition 3.13.

Proof. Let A, B € Uy (X).

(1) Range. For each x € X and each j € {/, ..., k}, we have ufl(x),ué(x) € [0,1],
hence

0 < |uy(x) — pp(O| < 1.
Summing over all x and j gives

k
0> > Me-uwwl < nk.
=]

XeX j
Dividing by nk > 0 yields

0 <d;(A,B)< 1.
Therefore,

0<S,(AB)=1—d,(4B) <1

11



DOI:10.31276/VJSTE.2026.0007 Mathematics and Computer Science | Mathematics;
Computer Science; Computational Science

Thus, (S1) holds.

(2) The identity of indiscernibles. First, if 11, (x) = I (x) for all x € X, then for each
x and j we have ui(x) —ué(x) = (), hence |,ui(x) —ué(x)| = (0 and d;(A,B) = 0, so
S;(A,B) = 1.

Conversely, suppose S;(4, B) = 1. Then, d;(4, B) = 0. As d;(A, B) is an average of
non-negative terms |ulj4(x) —ué(x)| , the equality d;(4,B) = 0 implies that every
summand is zero, i.€.

|u£(x) — ué(x)| = (0 forall x € X and allj.

Thus, 1 (x) = ul(x) for all x, j, hence 1, (x) = up(x) for all x € X. So, (S2) holds.

(3) Symmetry. For each x and j, we have

13 (0) = 1y (D = [ () = (L.
Therefore, the sums in d;(4, B) and d,(B, A) are identical, so d;(4,B) = d;(B,A)
and hence S; (A4, B) = S;(B, A). Thus, (S3) holds.

All three conditions of Definition 3.13 are satisfied, so S; is an uncertain similarity
measure.

Theorem 3.17 (Reduction to classical similarities). Let X be finite and M an
uncertainty model.

(a) If M is the fuzzy model with Dom(M) = [0,1] (so k = I), then for any two fuzzy
sets A,B on X, we have S;(4,B) =1 — |]7|Zx€X |ta(x) — ug(x)|, which is the usual
normalised Hamming similarity between fuzzy sets.

(b) If M is the (single-valued) neutrosophic model with Dom(M) = [0,1]? (truth,
indeterminacy, falsity), then for any two NSs A,B on X, we obtain S;(4,B) =1 —

L Teer  (Ta0O) = ToCOl + 1a () = I (O] + [FaG) = Fa(o)) , which s the

component-wise normalised Hamming-type similarity used in NS theory.
Proof.

(1) If M is the fuzzy model, then k = [ and each degree is a scalar p,(x) € [0,/]. By
Definition 3.14,

1
1 1
GAB) =T ) ) W) @ = Y ) — el
1

xeX j= x€X

Thus,

12
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1
5/(A,B) =1-d,;(A,B)= = |ta(x) — pup(x)|-

XEX

(i) If M is the neutrosophic model, then k=3 and we have pu,(x)=
(T4(x),14(x), F4(x)). Hence, using Definition 3.14,

3

1 . .
GAB) =) ) W) —m)

x€X j=1

= ﬁi (T4 ) = To (O] + 14 () = I (O] + [F4 () = F (D),

xeX
which directly gives the claimed expression for S;(4,B) = I — d;(4, B).

Definition 3.18 (Chebyshev-type similarity for U-Sets). Let A, B € Uy, (X). Define the
Chebyshev (or L) distance between A and B by

_ ey i
d,(4,B) := r;lg(x;gjcglm(x) ty (x)].

The corresponding similarity is
S.(A4,B) := 1—-d,(A,B).

Example 3.19 (Chebyshev-type similarity for neutrosophic U-Sets). Let the universe
be

X = {x;, %},
and let M be the neutrosophic uncertainty model with
Dom(M) = [0,1]°,
where each triple (T, I, F) represents truth, indeterminacy, and falsity degrees.
Define two U-Sets A4, B € Uy, (X) by
Ua(x;) = (08,0.1,0.1), pu(x;) = (0.3,04,0.3),
ug(x;) = (0.7,02,0.1), ug(x;) = (04,0.3,0.3).
For x;, we have component-wise absolute differences
luaCx)) — up (x| =108 = 0.7 = 0.1,
luaCe) —up (x| =101 = 0.2 = 0.1,
() — kb Ge)l = 10.0 = 0.1] = 0,

13
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So,
max|jiy () = pp ()l = 0.1,
For x,, we obtain
|a Gx2) — up(x2)| = 10.3 = 04] = 0.1,
|lif1(x2) - #129(952)| =10.4—- 03| = 0.1,
| (x2) — pE (x| =103 = 0.3| = 0,
hence
ggg;gluﬁ(%) — ()| = 0.1.
Therefore, the Chebyshev distance is

_ J oy — o ] — _
doo(A,B)—rJrclg(x?Sl]qls9§|uA(x) ugz(x)| = max{0.1,0.1} = 0.1,

and the corresponding Chebyshev-type similarity is
Se(A,B)=1—-d,(A,B)=1-0.1=09.
Thus, A and B are highly similar in the Chebyshev sense with similarity value 0.9.

Proposition 3.20. For every uncertainty model M and finite universe X, the mapping
S., in Definition 3.18 is an uncertain similarity measure.

Proof. As before, for each x and j we have 0 < | ,ufl (x) — ,ué (x)| < 1, hence
0<d,(AB)<I.

Therefore, 0 < S, (A,B) = 1 —d,(A,B) < I, proving (S1). If u,(x) = ug(x) for all
x, then every absolute difference is zero and hence d.(4,B) =0, so S, (A,B) = 1.
Conversely, if S, (4,B) =1, then d (A,B) =0, so the maximum of all absolute
differences is zero; hence, every difference is zero and p,(x) = pug(x) for all x, which

proves (S2). Symmetry (S3) is immediate from |u) (x) — uh ()| = |ug (%) — uy (x)|.
3.3. Uncertain rough sets

Uncertain rough sets (URSs) generalise rough approximations by using model-valued
relations and degrees, yielding lower/upper U-Sets under diverse uncertainty frameworks
(cf. [25]). Throughout, we fix an uncertainty model M with degree-domain Dom(M) <
[0,11% (k = I) equipped with

(Dom(M), <y, Pu,Qm, Ny),

14
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where <,, is a partial order, @,,&, are binary operations (generalised union and
intersection) and N, is a complement such that (Dom(M),D,,,&Q, Ny) is a De Morgan
lattice. We denote by 0,, and /,, the least and greatest elements of Dom(M), typically
Oy = (0, ...,0) and 1, = ({, ...,1) with coordinate-wise order.

For a finite universe X, we write Uy, (X) for the set of all U-Sets A of type M on X,
i.e. all mappings py: X — Dom(M).

Definition 3.21 (Uncertain relation of type M). Let X be a non-empty universe. An
uncertain relation of type M (or M-relation) on X is a mapping

Ry: X X X - Dom(M).

For x,y € X, the value Ry (x,y) € Dom(M) is interpreted as the degree to which x
and y are indiscernible, similar or related.

Definition 3.22 (Uncertain rough approximations and URS). Let X be a finite non-
empty universe, Ry an M -relation on X and A € Uy(X) a U-Set of type M with
membership function py: X - Dom(M).

The uncertain rough lower approximation of A with respect to Ry, is the U-Set
Ry (A) € Uy (X) whose membership function is given by

HRu(4) (x) := /\yEX(NM (Ru(x,¥)) ©y 1a(y)), x €X,
where A denotes the infimum in (Dom(M), <,).

The uncertain rough upper approximation of A with respect to Ry, is the U-Set
Ry (A) € Uy (X) with membership

HW(A)(X) = VyeX(RM(x» y) Ou ua()), x €X,
where V is the supremum in (Dom(M), <,).

The ordered pair
(Ru(4), Ru(A) )

is called the URS of A with respect to R, (or simply a URS of type M).

Remark 3.23. When Dom(M) € [0,I]¥ is ordered coordinate-wise, the
infimum/supremum A,V are taken component-wise, so the above formulas are explicit
coordinate-wise min/max in the usual examples (fuzzy, neutrosophic, plithogenic, etc.).

Theorem 3.24 (Embedding of U-Sets). Let X be finite and A € Uy, (X) a U-Set of type
M. Define the identity M-relation

R (x,y) := {Iy,x=y,0i,x £y, X,y EX.
15
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Then, for this relation,

R4(A)=A and RIA)=A
In particular, every U-Set appears as a degenerate URS.

Proof. Fix x € X. For the lower approximation, we have:
#%(A)(x) = yEX(NM(R (x, J’)) Dum #A(J’))
If y = x, then Ri%(x,x) = 1,, and hence Ny, (1) = 0y, s0
NM(R (x, x)) Dy ua(x) =0y By pa(x) = py(x),
using that 0,, is the neutral element for P ,,.
If y # x, then Ri%(x,y) = 0y and Ny, (0y) = 1, 50
NM(R (x, Y)) Du way) =1y Oy pay) = 1y,

because /), is the greatest element of Dom(M).

Thus, the family over which we take the infimum consists of the single value p, (x)
and several copies of 1, i.¢.

{ua ()} U {1, (several times)}.
Since py(x) <p 1y, the infimum is

‘uRIi\fli(A) (X) = HUa (x)

For the upper approximation, we obtain

(x) = yEX(R xy) Qu .UA()’))

Rld(A)
If y = x, then
R,‘;,?(x, x) Qum ua(x) =1y Qu Halx) = py(x),
while for y # x,

Rzi\fll(x'J’) Qu Ha(Y) =0y Qu ta(y) = Oy.

Thus, we take the supremum of u,(x) and several copies of 0,,, so

(x) = pa ().

R (4)

Since x € X was arbitrary, both equalities follow.

16
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Theorem 3.25 (URSs generalise FRSs). Let My be the fuzzy model with
Dom(Mg) = [0,1], <y,=<, @y,=max, Quy,=min, Ny (t)=1-t.

Let R: X X X — [0,1] be a fuzzy relation and p,: X — [0,1] a fuzzy set. View R as an
Mp-relation and A as a U-Set of type M. Then, the uncertain rough lower and upper
approximations satisfy

HRu (4) (x) = infyexmax(I — R(x,y), ua(y)),

By (X) = supyexmin(R(x, y), ua(y)),

which are exactly the classical fuzzy rough lower and upper approximations of A with
respect to R.

Proof. For the lower approximation in the URS framework, we have
MRy (4) x) = /\yEX(NMp(R(x' ) Dup Ua (J’))

By the choice of the fuzzy model,
Ny.(R(x,y)) =1—-R(x,y), a®py,b=max(a,b),
and the infimum is the usual infimum in [0,/]. Hence,

#Rﬁ(,q)(x) = infyexmax(l — R(x,¥), 1a(¥)),

which is the standard fuzzy rough lower approximation.

Similarly, for the upper approximation,
Uy () = Vyex (R0, Y) ®up #a() = supyexmin(R(x, ), ma (),

because @, is the usual min and V is the supremum in [0,/]. These coincide with the

classical fuzzy rough upper approximation. Thus, the URS construction reduces to the FRS
construction when M = M.

Theorem 3.26 (URSs generalise NRSs). Let My be the single-valued neutrosophic
model with Dom(Mys) = [0,1]° , where each degree is a triple (T,I,F) (truth,
indeterminacy, falsity). Equip Dom(Mys) with component-wise order and operations

(T,1,F) @uys (T, 1,F) := (max(T, T, max(l,1), max(F,F")),
(T,1,F) Quys (T, 1,F) := (min(T, T, min(l,1"), min(F,F)),
Nuys(T.1,F):= (I-T,1—1,1—F).

17
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Let Rys: X X X — [0,1]° be a neutrosophic relation and let A be a single-valued NS
on X with membership functions

pa(x) = (T4 (x), Ly (x), E4(x)).

Viewing Ry as an Mys-relation and A as a U-Set of type My, the uncertain rough
lower and upper approximations Rys(A) and Rys(A) are NSs whose components are given

by
T@(A)(x) = infyexmax(l — Trys (%, ¥), TA(}’))»
I@(A)(x) = infyexmax(l — Irys (X, ¥), IA(}’))’
F@(A)(x) = infyexmax(l - FRNg(xr y), FA()’))»
and
Trvsay @) = supyexmin(Tey (%, %), Ta()),
Iz ey () = supyexmin(leys (4, y), (),

Fr—y(®) = supyexmin(Fg, (%, ), Fa()).

Hence, single-valued NRSs (obtained by component-wise fuzzy-rough-style
approximations of T, I, F) are precisely URSs of type M.

Proof. We compute the lower approximation in Dom(Mys) component-wise. For
cach x € X,

H@(A)(x) = /\yEX(NMNS(RNS(xr y)) Dumys .uA(Y))-
Write
Rys(x,y) = (TRNS(X» J’):IRNS(X» )’)»FRNS(X: Y))a

) = (T (), LL(y), Fa(y)).
Then,

NMNS(RNS(X»J’)) = (1 - TRNS(x,y), 1 - IRNS(X» y), 1 — FRNS(X»Y))a
and applying @, gives
NMNS(RNS(X»Y)) Duys ta(y)
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= (max(] — Tgyys (%, y),TA(y)), max(] — Igys (%, y),IA(y)), max(] —
Frws (69, Fa()) )

Taking the infimum A over all y € X with respect to the component-wise order yields
exactly the three formulas for Ty, o 4)(X), Iy gca)(x) and Fgy, 4)(X) given in the statement.

The computation for the upper approximation is analogous. We have
#R—,\,S(A)(x) = VyEX(RNS(x: V) Quys .UA(}’)),
and
Rys(x,y) ®MN5 ta(y)
= (min(TRNs(x, Y)»TA(J’))» min(IRNg(x' Y)rIA(Y))r min(FRNs(x, y), FA()’)))-

Taking the supremum V component-wise over all y € X gives the stated expressions

Thus, the URS construction with M = My coincides with the usual component-wise
fuzzy-rough generalisation of NRSs, proving that single-valued NRSs are exactly URSs of

type Mys.

Definition 3.27 (M -inclusion and pointwise order). For 4, B € Uy (X), we write
A S,y Bif

Ua(x) <p pg(x) forall x € X.
For M-relations R,S: X X X - Dom(M) we write R <), S if
R(x,y) <m S(x,y) forall x,y € X.

Definition 3.28 (Complement of a U-Set). For A € Uy (X), its (lattice) complement
A° € Uy(X) is defined by

pac(x):= Ny(ua(x)), x €X.
Lemma 3.29 (Well-definedness). For every A € Uy (X), the formulas
M@ = A e (N (Ru(6,9)) @ 14 ),
Uiy ) = Vyex(Ry (%, y) Qu 1a(y))
define U-Sets Ry (4), Ry (A) € Uy (X).

Proof. For each fixed x € X and y € X, we have Ry(x,y) € Dom(M), hence
Ny (Ry(x,y)) € Dom(M) , and therefore, Ny (Ry(x,v)) @y us(y) € Dom(M) and
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Ry (x,v) Qu 1a(y) € Dom(M). Since X is finite and Dom(M) is a lattice, the finite meet
Nyex(++) and finite join Vyex(:++) exist in Dom (M), so both membership values lie in

Dom(M). Thus, Ry (4) and Ry, (A) are well-defined elements of Uy, (X).

Theorem 3.30 (Monotonicity in the approximated U-Set). If A4, B € Uy, (X) satisfy
A Sy B, then

Ry(A) Su Ru(B),  Ru(A) Sy Ru(B).

Proof. Assume A Sy B, i.e. us(y) <y pg(y) for all y € X. Fix x € X. Since D,
and @, are lattice join/meet, they are isotone in each argument. Hence, for every y € X,

Ny (Ry(x,¥)) Om a(y) <m Ny(Ru(x,y)) Ou ts(y),
and
Ry(x,y) Qu ua(y) <m Ru(x,y) Qu ug(y).

Taking the meet over y € X in the first inequality yields ug,,4)(X) <y Hg,, ) (X)-
Taking the join over y € X in the second yields pg4)(X) <y Hzy (5 (x). Since x was
arbitrary, both inclusions follow.

Theorem 3.31 (Monotonicity in the relation). Let R,S: X X X - Dom(M) be M -
relations with R <,; S. Then, for every A € Uy (X), S(A) Sy R(A), R(A) S, S(A),
where R,R  denote the approximations induced by R (and similarly for S).

Proof. Assume R <), S. Since Ny, is order-reversing in a De Morgan lattice,
Ny (SCe,y)) <y Nyu(R(x, ) forall x,y € X.
Fix x € X and y € X. By isotonicity of @B,
Nu(SCe,y)) @u pay) <u Nu(R(x,¥)) G pa ().
Taking the meet over y gives pisa)(x) <p Ug(a)(x), hence S(A) Sy R(A).
For the upper approximation, isotonicity of @, yields
R(x,y) Qu ta(y) <m S(x,¥) Qum ua(y),
and taking the join over y gives R(A) S, S(A).

For reference, a concise comparison of FRSs, U-Sets, and URSs is provided in
Table 2.
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Table 2. A concise comparison of fuzzy rough sets, uncertain sets, and uncertain rough
sets.

Aspect Fuzzy rough sets (FRSs) Uncertain sets (U-Sets) Uncertain sough sets

(URSs)
Universe finite U nonempty X finite X
Membership/ fuzzy set A: U — [0,1] Ua:X > Dom(M) € [0,1]F  uy:X - Dom(M) € [0,1]F
degree
Underlying fuzzy relation R: U X U = not required (standalone M-relation Ry;: X X X —
relation [0,1] membership model) Dom(M)
Algebraic

([0,1], <, max,min, 1 —-) (Dom(M), <3, Py, Qu, Nyy) same as U-Sets (needed to

structure on (typically De Morgan lattice)  define approximations)

degrees

imati BeAY o Ry (A), Ry (4) i
Approximation ~ R(A), R(A) via infmax _M() m(4) via

operators and supmin not part of the basic notion ANy (Ry) @ ug) and
V(Ry Qu ta)
Output form pair of fuzzy sets single M-valued set pair of M-valued sets
(lower/upper) (lower/upper)
. models graded unifies fuzzy, intuitionistic umﬁes.roug:h
Expressiveness/ . . o o . . approximations across the
indiscernibility with fuzzy, neutrosophic, o .
scope . . same families; FRS is a
scalar degrees plithogenic, etc. .
special case
feature selection, decision unified operations/similarity approx.lmatlon-based
. . reasoning under general
Typical use support, uncertainty- across heterogeneous

(vector/multi-degree)

aware classification uncertainty models .
uncertainty

3.4. Functorial rough sets

In this subsection, a categorical (functorial) version of the URS framework is
introduced. The construction combines the functorial viewpoint of functorial sets with the
approximation operators of URSs.

Throughout, we fix:

- asmall category C;

- acovariant functor F: C — Set (so (C, F) is a functorial set);

- anuncertainty model M whose degree domain Dom (M) is equipped with a bounded
De Morgan lattice structure

(Dom(M), <m:VurAy Ny, Oy, IM):

where V,, and Ay, are the join and meet, Ny, is an order-reversing involution (De Morgan
negation), and 0y, 1,, are the least and greatest elements. Notation. When convenient, we
also write @,:= Vy, and Q= Ay, so that @, (resp. @) denotes the join (resp. meet)
of this lattice.
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As in the earlier sections, we assume (unless stated otherwise) that all universes under
consideration are finite and nonempty; in particular, F (X) is finite and nonempty for every
X € 0b(C). Hence, all finite joins/meets that appear below are well-defined in Dom(M).

For each object X € Ob(C), we write F(X) for the underlying universe and denote by
Un(F(X)) = {w:F(X) > Dom(M)}
the set of all U-Sets of type M on F(X).

Definition 3.38 (Pullback of U-Sets along morphisms). Let f: X — Y be a morphism
in C. The induced map

F(f):F(X) = F(Y)
defines a pullback (precomposition) operator
frUn(F)) = Un(FX)),  fr(w) = weF(f)
Equivalently, for u € Uy (F(Y)) and x € F(X),
(F ) = uF () (x).
This assignment is contravariantly functorial:
(idy)* = idUM(F(X))» @Gof) =fTeg
for all composable morphisms f, g.
Consequently, the rule
X o Uy(FXD), fof
defines a functor
Uy o F:C°? - Set.
We now define the functorial counterpart of rough approximations.
Definition 3.39 (Functorial rough structure and FunRS). Let C, F, and M be as above.
(i) A Functorial Rough Structure of type M on (C, F) consists of:
- for each object X € Ob(C), an M-relation
Ry:F(X) X F(X) » Dom(M),
together with the induced lower and upper approximation operators

Ry, Ry: Un (F(X)) = Uy (F(X)),
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defined for A € Uy (F(X)) and x € F(X) by
Hry(a)(X) = Neroo (Nu(Rx (%, ) Vi 1a(0)),

HRx(a) (x) = an;IEF(X) (Rx(x,¥) Ay 1a()),
where AM and VM denote finite meet and finite join in Dom(M).

- for every morphism f:X =Y in C and every A € Uy (F(Y)), the following
naturality conditions:

Re(F7A) = £ (Ry(A)). Re(f*A) = £*(Ry(4)).
Equivalently, the families (Rx)x and (Ry)x form natural transformations

R,R:UyoF = Uy oF.

(il) A FunRS of type M over (C,F) is a choice of a Functorial Rough Structure
(Rx) xeon(c) together with a family of U-Sets

Ay e Uy(F(X)), Xe€Oob(0),
such that for every morphism f: X — Y in C one has
Ay = f"(Ay).
For each object X, the pair (R_X (Ax), Ry (A X)) is called the rough approximation of A
at X.

Intuitively, a Functorial Rough Structure provides a coherent family of rough
approximations across all objects of the category, and the naturality conditions ensure
compatibility under change of universe along morphisms in C.

It is now shown that FunRSs generalise both URSs and functorial sets.

Theorem 3.40 (FunRSs generalise URSs). Let X, be a finite nonempty set and let
Ry 0: Xy X Xy > Dom(M) be an M —relation. Let Cj be the category with a single object *
and only the identity morphism id,, and let F: C, — Set be given by F,(*) = X,,.

Then, FunRSs of type M over (Cy, F,)) are in one-to-one correspondence with URSs
of type M on the universe X, with respect to the relation Ry, .

Proof. Since C, has only one object and only id,, the pullback (id,)" is the identity
on Uy (X)), so the naturality conditions in Definition 3.39 are vacuous. Thus, specifying a
Functorial Rough Structure over (Cy, F)) is exactly specifying a single M-relation on X,
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and the induced operators coincide with the URS operators on X,. Likewise, a compatible

family (Ay)y reduces to a single U-Set A, € Uy, (X)).

Theorem 3.41 (FunRSs generalise functorial sets). Let (C, F) be a functorial set and
let M be as above. Define for each object X € Ob(C) the identity M-relation on F(X) by
RE¥(x,y) := {Iy,x =y,0y,x £y, x,y € F(X). Then

(a) For every X and every A € Uy, (F(X)),

REM) =4,  RIMA) =
(b) The families (R Ny and (W)X satisfy the naturality conditions of

Definition 3.39.

Consequently, every functorial set (C, F) can be viewed as a degenerate Functorial
Rough Structure by equipping it with the relations R¥, and forgetting the rough-
approximation data recovers the original functor F.

Proof.
(a) Fix X € Ob(C) and A € Uy (F(X)). For any x € F(X),

Hriday (X) = Nero (N (RE (6, 1)) Vi 14 ())-

If y=x, then R&(x,x) = I so NM(IM) = Oy, hence the corresponding term
equals 0y Vy ,uA(x) = us(x). If y # x, then RE&(x,y) = 04 so Ny, (05) = 1,,, hence the
term equals 7, Vi ta(y) = 1. Therefore, the meet is taken over p, (x) and several copies

of 1y, gIVIng fpid 4 (%) = fa(X).
Similarly,
@(A) yEF(X) (R (6, y) Am Ha (3’))

and the term for y =x equals 71y Ay ta(x) = ua(x) while for y # x, it equals
Oy Ay Ua(y) = 0y. Hence, the join is p, (x), so R,i{d(A) =A

(b) Since R_,‘}d = idy,,r(x)) and R_)i(d = idy,,r(x)) for all X, the naturality conditions
REGA) = £ (RIE)), RECFA) = £ (RF ()

hold trivially for every morphism f: X — Y.

Lemma 3.42 (Pullback preserves complements). Let f: X — Y be a morphism in C
and A € Uy (F(Y)). Then, f*(A°) = (fFA)".
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Proof. For x € F(X), by definition of pullback and complement,
treaey () = tac(F(F) () = Ny (a (F(H (X)) = Ny (14 () = prpaye ().
Hence, f*(A°) = (f*A)°.

Theorem 3.43 (Monotonicity of lower and upper approximations). Let X € Ob(C)
and let A,B € Uy (F(X)).If A S B (i.e. uy(x) <p ug(x) for all x), then

Rx(A) Sy Rx(B), Rx(A) Sy Rx(B).

Proof. Fix x € F(X). Since V), and Ay, are order-preserving in each argument, for
every y € F(X), we have

Ny (Rx(x,¥)) Vir 1a(¥) <m Ny (Rx(x,¥)) Vi tip(¥),
and

Ry(,y) Am a(y) <m Rx(x,y) Ay us(¥).
Taking the finite meet over y in the first inequality yields ug,4y(x) <y Hr ) (X),

and taking the finite join over y in the second yields pugpz(4)(X) <y Ugy(py(%)- Since x was
arbitrary, the claimed inclusions follow.

Theorem 3.44 (Sandwich property under reflexivity). Fix X € Ob(C). Assume the M-
relation Ry is reflexive, i.e.

Ry(x,x) = I, for all x € F(X).
Then, for every A € Uy (F (X)),
Ry(4) Sy A Sy Ry (A).
Proof. Fix x € F(X).

Lower < original. In the definition of Ry (A), the y = x term equals

Ny (Rx (%, %)) Vg pa(x) = Ny (1pg) Vg pa(x) = Oy Vg a(x) = pg ().
Since a meet is <), each of its terms, we obtain pig, 4y (%) <p pa(x).
Original < upper. In the definition of Ry (A), the y = x term equals

Ry (¢, x) Ay a(X) = Iy Ay ha(x) = pa(x).

Since a join is =, each of its terms, we obtain pi4 (X) <y Uz a)(X)-

Combining both inequalities for each x proves the claim.
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4. Conclusions

In this article, operations, similarity measures, and rough-set structures within the
framework of U-Sets and closely related generalisations were examined. Concretely, basic
set-theoretic operations (inclusion, complement, union/intersection, difference, and a-cuts)
for U-Sets were formalised under a general De Morgan lattice of uncertainty degrees, and
axiomatic uncertain similarity measures were introduced together with representative L ;-
and Chebyshev-type constructions. The author also defined URSs induced by M-valued
relations and established that the resulting lower/upper approximation operators recover
classical FRSs and single-valued NRSs as special cases. Finally, a functorial extension was
outlined in which rough approximations are required to be natural with respect to
morphisms, thereby enabling the coherent transport of approximations across changing
universes.

It is expected that future research will further clarify how the concepts developed here
behave in the settings of Uncertain Graphs, Uncertain HyperGraphs, and Uncertain
SuperHyperGraphs, and how the proposed operations and similarity measures can be
leveraged for structure-aware comparison, clustering, and decision-making on such
uncertain relational models [26, 27].
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   ( S 1 )   0 ≤ S ( A , B ) ≤ 1


   ( S 2 )   S ( A , B ) = 1


    𝜇  A ( x ) =   𝜇  B ( x )


  x ∈ X


   ( S 3 )   S ( A , B ) = S ( B , A )


  X


  | X | = n


  M


  D o m ( M ) ⊆ [ 0 , 1  ]  k


  A


  M


    𝜇  A ( x ) =  (   𝜇  A 1 ( x ) , … ,   𝜇  A  k ( x ) ) ∈ [ 0 , 1  ]  k   for   x ∈ X


    𝜇  A  j ( x )


  j


  M


  x


  A


    L 1


  A , B ∈   U  M ( X )


    L 1


  A


  B


    d 1 ( A , B )     : =      1  n k   ∑  x ∈ X    ∑  j = 1  k  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | .


   ​ 1


  A


  B


    S 1 ( A , B )     : =     1 −   d 1 ( A , B ) .


    L 1


  D o m ( M ) ⊆ [ 0 , 1  ]  k


  k ≥ 1


  u = (   u 1 , … ,   u  k )


  v = (   v 1 , … ,   v  k ) ∈ D o m ( M )


    L 1


    d  M ( u , v )     : =      1  k   ∑  j = 1  k  |   u  j −   v  j | .


  0 ≤   d  M ( u , v ) ≤ 1


    d  M ( u , v ) = 0


  u = v


  A , B ∈   U  M ( X )


    𝜇  A ,   𝜇  B : X → D o m ( M )


    S    L 1 ( A , B )     : =     1 −  1  | X |   ∑  x ∈ X    d  M  (   𝜇  A ( x ) ,   𝜇  B ( x ) ) .


    S    L 1


  0 ≤   S    L 1 ( A , B ) ≤ 1


    d  M (   𝜇  A ( x ) ,   𝜇  B ( x ) )


  [ 0 , 1 ]


    S    L 1 ( A , B ) = 1


    d  M (   𝜇  A ( x ) ,   𝜇  B ( x ) ) = 0


  x ∈ X


    𝜇  A ( x ) =   𝜇  B ( x )


  x ∈ X


    d  M ( u , v ) =   d  M ( v , u )


    S    L 1 ( A , B ) =   S    L 1 ( B , A )


    S    L 1


  M


  M


  X


    S 1


  A , B ∈   U  M ( X )


  x ∈ X


  j ∈ { 1 , … , k }


    𝜇  A  j ( x ) ,   𝜇  B  j ( x ) ∈ [ 0 , 1 ]


  0 ≤ |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | ≤ 1 .


  x


  j


  0   ≤     ∑  x ∈ X    ∑  j = 1  k  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) |   ≤   n k .


  n k > 0


  0   ≤   d 1 ( A , B ) ≤ 1 .


  0 ≤   S 1 ( A , B ) = 1 −   d 1 ( A , B ) ≤ 1 .


    𝜇  A ( x ) =   𝜇  B ( x )


  x ∈ X


  x


  j


    𝜇  A  j ( x ) −   𝜇  B  j ( x ) = 0


  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | = 0


    d 1 ( A , B ) = 0


    S 1 ( A , B ) = 1


    S 1 ( A , B ) = 1


    d 1 ( A , B ) = 0


    d 1 ( A , B )


  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) |


    d 1 ( A , B ) = 0


   |   𝜇  A  j  ( x ) −   𝜇  B  j  ( x ) | = 0   for   all     x ∈ X   and   all   j .


    𝜇  A  j ( x ) =   𝜇  B  j ( x )


  x , j


    𝜇  A ( x ) =   𝜇  B ( x )


  x ∈ X


  x


  j


  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | = |   𝜇  B  j ( x ) −   𝜇  A  j ( x ) | .


    d 1 ( A , B )


    d 1 ( B , A )


    d 1 ( A , B ) =   d 1 ( B , A )


    S 1 ( A , B ) =   S 1 ( B , A )


    S 1


  X


  M


  M


  D o m ( M ) = [ 0 , 1 ]


  k = 1


  A , B


  X


    S 1 ( A , B ) = 1 −  1  | X |   ∑  x ∈ X  |   𝜇  A ( x ) −   𝜇  B ( x ) |


  M


  D o m ( M ) = [ 0 , 1  ] 3


  A , B


  X


    S 1 ( A , B ) = 1 −  1  3 | X |   ∑  x ∈ X   ( |   T  A ( x ) −   T  B ( x ) | + |   I  A ( x ) −   I  B ( x ) | + |   F  A ( x ) −   F  B ( x ) | )


  M


  k = 1


    𝜇  A ( x ) ∈ [ 0 , 1 ]


    d 1 ( A , B ) =  1  | X | ⋅ 1   ∑  x ∈ X    ∑  j = 1 1  |   𝜇  A 1 ( x ) −   𝜇  B 1 ( x ) | =  1  | X |   ∑  x ∈ X  |   𝜇  A ( x ) −   𝜇  B ( x ) | .


    S 1 ( A , B ) = 1 −   d 1 ( A , B ) = 1 −  1  | X |   ∑  x ∈ X  |   𝜇  A ( x ) −   𝜇  B ( x ) | .


  M


  k = 3


    𝜇  A ( x ) = (   T  A ( x ) ,   I  A ( x ) ,   F  A ( x ) )


    d 1 ( A , B ) =  1  | X | ⋅ 3   ∑  x ∈ X    ∑  j = 1 3  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) |   =  1  3 | X |   ∑  x ∈ X   ( |   T  A ( x ) −   T  B ( x ) | + |   I  A ( x ) −   I  B ( x ) | + |   F  A ( x ) −   F  B ( x ) | ) ,  


    S 1 ( A , B ) = 1 −   d 1 ( A , B )


  A , B ∈   U  M ( X )


    L ∞


  A


  B


    d ∞ ( A , B )     : =       m a x  x ∈ X   m a x  1 ≤ j ≤ k |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | .


    S ∞ ( A , B )     : =     1 −   d ∞ ( A , B ) .


  X = {   x 1 ,   x 2 }


  M


  D o m ( M ) = [ 0 , 1  ] 3


  ( T , I , F )


  A , B ∈   U  M ( X )


    𝜇  A (   x 1 ) = ( 0 . 8 , 0 . 1 , 0 . 1 ) ,     𝜇  A (   x 2 ) = ( 0 . 3 , 0 . 4 , 0 . 3 )


    𝜇  B (   x 1 ) = ( 0 . 7 , 0 . 2 , 0 . 1 ) ,     𝜇  B (   x 2 ) = ( 0 . 4 , 0 . 3 , 0 . 3 ) .


    x 1


  |   𝜇  A 1 (   x 1 ) −   𝜇  B 1 (   x 1 ) | = | 0 . 8 − 0 . 7 | = 0 . 1


  |   𝜇  A 2 (   x 1 ) −   𝜇  B 2 (   x 1 ) | = | 0 . 1 − 0 . 2 | = 0 . 1


  |   𝜇  A 3 (   x 1 ) −   𝜇  B 3 (   x 1 ) | = | 0 . 1 − 0 . 1 | = 0


    m a x  1 ≤ j ≤ 3 |   𝜇  A  j (   x 1 ) −   𝜇  B  j (   x 1 ) | = 0 . 1 .


    x 2


  |   𝜇  A 1 (   x 2 ) −   𝜇  B 1 (   x 2 ) | = | 0 . 3 − 0 . 4 | = 0 . 1


   |   𝜇  A 2  (   x 2 ) −   𝜇  B 2  (   x 2 ) | =  | 0 . 4 − 0 . 3 | = 0 . 1


  |   𝜇  A 3 (   x 2 ) −   𝜇  B 3 (   x 2 ) | = | 0 . 3 − 0 . 3 | = 0


    m a x  1 ≤ j ≤ 3 |   𝜇  A  j (   x 2 ) −   𝜇  B  j (   x 2 ) | = 0 . 1 .


    d ∞ ( A , B ) =   m a x  x ∈ X   m a x  1 ≤ j ≤ 3 |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | = m a x { 0 . 1 , 0 . 1 } = 0 . 1


    S ∞ ( A , B ) = 1 −   d ∞ ( A , B ) = 1 − 0 . 1 = 0 . 9 .


  A


  B


  0 . 9


  M


  X


    S ∞


  x


  j


  0 ≤ |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | ≤ 1


  0 ≤   d ∞ ( A , B ) ≤ 1 .


    0 ≤   S ∞ ( A , B ) = 1 −   d ∞ ( A , B ) ≤ 1


    𝜇  A ( x ) =   𝜇  B ( x )


  x


    d ∞ ( A , B ) = 0


    S ∞ ( A , B ) = 1


    S ∞ ( A , B ) = 1


    d ∞ ( A , B ) = 0


    𝜇  A ( x ) =   𝜇  B ( x )


  x


  |   𝜇  A  j ( x ) −   𝜇  B  j ( x ) | = |   𝜇  B  j ( x ) −   𝜇  A  j ( x ) |


  M


  D o m ( M ) ⊆ [ 0 , 1  ]  k


  k ≥ 1


  ( D o m ( M ) ,  ≤  M ,  ⊕  M ,  ⊗  M ,   N  M ) ,


   ≤  M


   ⊕  M ,  ⊗  M


    N  M


  ( D o m ( M ) ,  ⊕  M ,  ⊗  M ,   N  M )


   0  M


   1  M


  D o m ( M )


   0  M = ( 0 , … , 0 )


   1  M = ( 1 , … , 1 )


  X


    U  M ( X )


  A


  M


  X


    𝜇  A : X → D o m ( M )


  M


  X


  M


  M


  X


    R  M : X × X → D o m ( M ) .


  x , y ∈ X


    R  M ( x , y ) ∈ D o m ( M )


  x


  y


  X


    R  M


  M


  X


  A ∈   U  M ( X )


  M


    𝜇  A : X → D o m ( M )


  A


    R  M


      R  M _ ( A ) ∈   U  M ( X )


    𝜇      R  M _ ( A ) ( x )     : =      ⋀  y ∈ X  (   N  M  (   R  M ( x , y ) )    ⊕  M     𝜇  A ( y ) )


      x ∈ X


  ⋀


  ( D o m ( M ) ,  ≤  M )


  A


    R  M


      R  M ¯ ( A ) ∈   U  M ( X )


    𝜇      R  M ¯ ( A ) ( x )     : =      ⋁  y ∈ X  (   R  M ( x , y )    ⊗  M     𝜇  A ( y ) )


      x ∈ X


  ⋁


  ( D o m ( M ) ,  ≤  M )


   (       R  M _ ( A ) ,       R  M ¯ ( A )   )


  A


    R  M


  M


  D o m ( M ) ⊆ [ 0 , 1  ]  k


  ⋀ , ⋁


  m i n / m a x


  X


  A ∈   U  M ( X )


  M


  M


    R  M  i d ( x , y )   : =   {  1  M ,   x = y ,    0  M ,   x ≠ y


    x , y ∈ X .


      R  M  i d _ ( A ) = A     and         R  M  i d ¯ ( A ) = A .


  x ∈ X


    𝜇      R  M  i d _ ( A ) ( x ) =  ⋀  y ∈ X  (   N  M  (   R  M  i d ( x , y ) )    ⊕  M     𝜇  A ( y ) ) .


  y = x


    R  M  i d ( x , x ) =  1  M


    N  M (  1  M ) =  0  M


    N  M  (   R  M  i d ( x , x ) )    ⊕  M     𝜇  A ( x ) =  0  M    ⊕  M     𝜇  A ( x ) =   𝜇  A ( x )


   0  M


   ⊕  M


  y ≠ x


    R  M  i d ( x , y ) =  0  M


    N  M (  0  M ) =  1  M


    N  M  (   R  M  i d ( x , y ) )    ⊕  M     𝜇  A  ( y ) =  1  M    ⊕  M     𝜇  A  ( y ) =  1  M


   1  M


  D o m ( M )


    𝜇  A ( x )


   1  M


   {   𝜇  A ( x ) } ∪  {  1  M   ( s e v e r a l   t i m e s ) } .


    𝜇  A ( x )  ≤  M  1  M


    𝜇      R  M  i d _ ( A ) ( x ) =   𝜇  A ( x ) .


    𝜇      R  M  i d ¯ ( A ) ( x ) =  ⋁  y ∈ X  (   R  M  i d ( x , y )    ⊗  M     𝜇  A ( y ) ) .


  y = x


    R  M  i d ( x , x )    ⊗  M     𝜇  A ( x ) =  1  M    ⊗  M     𝜇  A ( x ) =   𝜇  A ( x ) ,


  y ≠ x


    R  M  i d ( x , y )    ⊗  M     𝜇  A ( y ) =  0  M    ⊗  M     𝜇  A ( y ) =  0  M .


    𝜇  A ( x )


   0  M


    𝜇      R  M  i d ¯ ( A ) ( x ) =   𝜇  A ( x ) .


  x ∈ X


    M  F


  D o m  (   M  F ) =  [ 0 , 1 ]


   ≤    M  F = ≤


     ⊕    M  F = m a x


           ⊗    M  F = m i n


    N    M  F ( t ) = 1 − t .


  R : X × X → [ 0 , 1 ]


    𝜇  A : X → [ 0 , 1 ]


  R


    M  F


  A


    M  F


    𝜇      R    M  F _ ( A ) ( x ) =   i n f  y ∈ X m a x  ( 1 − R ( x , y ) ,   𝜇  A ( y ) )


    𝜇      R    M  F ¯  ( A )  ( x ) =   s u p  y ∈ X m i n  ( R  ( x , y ) ,   𝜇  A  ( y ) )


  A


  R


    𝜇      R    M  F _ ( A ) ( x ) =  ⋀  y ∈ X  (   N    M  F  ( R ( x , y ) )    ⊕    M  F     𝜇  A ( y ) ) .


    N    M  F  ( R ( x , y ) ) = 1 − R  ( x , y )


  a  ⊕    M  F b = m a x ( a , b )


  [ 0 , 1 ]


    𝜇      R    M  F _ ( A ) ( x ) =   i n f  y ∈ X m a x  ( 1 − R ( x , y ) ,   𝜇  A ( y ) )


    𝜇      R    M  F ¯ ( A ) ( x ) =  ⋁  y ∈ X  ( R ( x , y )    ⊗    M  F     𝜇  A ( y ) ) =   s u p  y ∈ X m i n  ( R ( x , y ) ,   𝜇  A ( y ) )


   ⊗    M  F


  m i n


  ⋁


  [ 0 , 1 ]


  M =   M  F


    M  N S


  D o m (   M  N S ) = [ 0 , 1  ] 3


  ( T , I , F )


  D o m (   M  N S )


  ( T , I , F )  ⊕    M  N S (   T ′ ,   I ′ ,   F ′ )   : =    ( m a x ( T ,   T ′ ) , m a x ( I ,   I ′ ) , m a x ( F ,   F ′ ) )


  ( T , I , F )  ⊗    M  N S (   T ′ ,   I ′ ,   F ′ )   : =    ( m i n ( T ,   T ′ ) , m i n ( I ,   I ′ ) , m i n ( F ,   F ′ ) )


    N    M  N S ( T , I , F )   : =   ( 1 − T ,   1 − I ,   1 − F ) .


    R  N S : X × X → [ 0 , 1  ] 3


  A


  X


    𝜇  A ( x ) = (   T  A ( x ) ,   I  A ( x ) ,   F  A ( x ) ) .


    R  N S


    M  N S


  A


    M  N S


      R  N S _ ( A )


      R  N S ¯ ( A )


    T      R  N S _ ( A ) ( x ) =   i n f  y ∈ X m a x  ( 1 −   T    R  N S ( x , y ) ,     T  A ( y ) )


    I      R  N S _ ( A ) ( x ) =   i n f  y ∈ X m a x  ( 1 −   I    R  N S ( x , y ) ,     I  A ( y ) )


    F      R  N S _ ( A ) ( x ) =   i n f  y ∈ X m a x  ( 1 −   F    R  N S ( x , y ) ,     F  A ( y ) )


    T      R  N S ¯ ( A ) ( x ) =   s u p  y ∈ X m i n  (   T    R  N S ( x , y ) ,     T  A ( y ) )


    I      R  N S ¯ ( A ) ( x ) =   s u p  y ∈ X m i n  (   I    R  N S ( x , y ) ,     I  A ( y ) )


    F      R  N S ¯ ( A ) ( x ) =   s u p  y ∈ X m i n  (   F    R  N S ( x , y ) ,     F  A ( y ) ) .


  T , I , F


    M  N S


  D o m (   M  N S )


  x ∈ X


    𝜇      R  N S _ ( A ) ( x ) =  ⋀  y ∈ X  (   N    M  N S  (   R  N S ( x , y ) )    ⊕    M  N S     𝜇  A ( y ) ) .


    R  N S ( x , y ) =  (   T    R  N S ( x , y ) ,   I    R  N S ( x , y ) ,   F    R  N S ( x , y ) )


    𝜇  A ( y ) =  (   T  A ( y ) ,   I  A ( y ) ,   F  A ( y ) ) .


    N    M  N S  (   R  N S ( x , y ) ) =  ( 1 −   T    R  N S ( x , y ) ,   1 −   I    R  N S ( x , y ) ,   1 −   F    R  N S ( x , y ) )


   ⊕    M  N S


    N    M  N S  (   R  N S ( x , y ) )    ⊕    M  N S     𝜇  A ( y )


  =  ( m a x  ( 1 −   T    R  N S ( x , y ) ,   T  A ( y ) ) ,   m a x  ( 1 −   I    R  N S ( x , y ) ,   I  A ( y ) ) ,   m a x  ( 1 −   F    R  N S ( x , y ) ,   F  A ( y ) ) ) .


  ⋀


  y ∈ X


    T      R  N S _ ( A ) ( x )


    I      R  N S _ ( A ) ( x )


    F      R  N S _ ( A ) ( x )


    𝜇      R  N S ¯ ( A ) ( x ) =  ⋁  y ∈ X  (   R  N S ( x , y )    ⊗    M  N S     𝜇  A ( y ) )


    R  N S ( x , y )    ⊗    M  N S     𝜇  A ( y ) =  ( m i n  (   T    R  N S ( x , y ) ,   T  A ( y ) ) ,   m i n  (   I    R  N S ( x , y ) ,   I  A ( y ) ) ,   m i n  (   F    R  N S ( x , y ) ,   F  A ( y ) ) ) .


  ⋁


  y ∈ X


    T      R  N S ¯ ( A ) ( x )


    I      R  N S ¯ ( A ) ( x )


    F      R  N S ¯ ( A ) ( x )


  M =   M  N S


    M  N S


  M


  A , B ∈   U  M ( X )


  A  ⊆  M B


    𝜇  A ( x )  ≤  M   𝜇  B ( x )     for   all   x ∈ X .


  M


  R , S : X × X → D o m ( M )


  R  ≤  M S


  R ( x , y )  ≤  M S ( x , y )     for   all   x , y ∈ X .


  A ∈   U  M ( X )


    A  c ∈   U  M ( X )


    𝜇    A  c  ( x ) : =     N  M  (   𝜇  A ( x ) )


  x ∈ X .


  A ∈   U  M ( X )


    𝜇      R  M _  ( A )  ( x ) =    ⋀    y ∈ X  (   N  M  (   R  M  ( x , y ) )  ⊕  M   𝜇  A  ( y ) )


    𝜇      R  M ¯ ( A ) ( x ) =  ⋁  y ∈ X  (   R  M ( x , y )  ⊗  M   𝜇  A ( y ) )


      R  M _ ( A ) ,     R  M ¯ ( A ) ∈   U  M ( X )


  x ∈ X


  y ∈ X


    R  M ( x , y ) ∈ D o m ( M )


    N  M (   R  M ( x , y ) ) ∈ D o m ( M )


    N  M (   R  M ( x , y ) )  ⊕  M   𝜇  A ( y ) ∈ D o m ( M )


    R  M ( x , y )  ⊗  M   𝜇  A ( y ) ∈ D o m ( M )


  X


  D o m ( M )


   ⋀  y ∈ X ( ⋯ )


   ⋁  y ∈ X ( ⋯ )


  D o m ( M )


  D o m ( M )


      R  M _ ( A )


      R  M ¯ ( A )


    U  M ( X )


  A , B ∈   U  M ( X )


  A  ⊆  M B


      R  M _ ( A )  ⊆  M     R  M _ ( B ) ,         R  M ¯ ( A )  ⊆  M     R  M ¯ ( B ) .


  A  ⊆  M B


    𝜇  A ( y )  ≤  M   𝜇  B ( y )


  y ∈ X


  x ∈ X


   ⊕  M


   ⊗  M


  y ∈ X


    N  M (   R  M ( x , y ) )  ⊕  M   𝜇  A ( y )    ≤  M     N  M (   R  M ( x , y ) )  ⊕  M   𝜇  B ( y )


    R  M ( x , y )  ⊗  M   𝜇  A ( y )    ≤  M     R  M ( x , y )  ⊗  M   𝜇  B ( y ) .


  y ∈ X


    𝜇      R  M _ ( A ) ( x )  ≤  M   𝜇      R  M _ ( B ) ( x )


  y ∈ X


    𝜇      R  M ¯ ( A ) ( x )  ≤  M   𝜇      R  M ¯ ( B ) ( x )


  x


  R , S : X × X → D o m ( M )


  M


  R  ≤  M S


  A ∈   U  M ( X )


    S _ ( A )  ⊆  M   R _ ( A )


    R ¯  ( A )  ⊆  M   S ¯  ( A )


    R _ ,   R ¯


  R


  S


  R  ≤  M S


    N  M


    N  M  ( S  ( x , y ) )  ≤  M   N  M  ( R  ( x , y ) )     for   all   x , y ∈ X .


  x ∈ X


  y ∈ X


   ⊕  M


    N  M  ( S ( x , y ) )  ⊕  M   𝜇  A ( y )    ≤  M     N  M  ( R ( x , y ) )  ⊕  M   𝜇  A ( y ) .


  y


    𝜇    S _ ( A ) ( x )  ≤  M   𝜇    R _ ( A ) ( x )


    S _ ( A )  ⊆  M   R _ ( A )


   ⊗  M


  R ( x , y )  ⊗  M   𝜇  A ( y )    ≤  M   S ( x , y )  ⊗  M   𝜇  A ( y )


  y


    R ¯ ( A )  ⊆  M   S ¯ ( A )


  U


  X


  X


  A : U → [ 0 , 1 ]


    𝜇  A : X → D o m ( M ) ⊆ [ 0 , 1  ]  k


    𝜇  A : X → D o m ( M ) ⊆ [ 0 , 1  ]  k


  R : U × U → [ 0 , 1 ]


  M


    R  M : X × X → D o m ( M )


  ( [ 0 , 1 ] , ≤ , m a x , m i n , 1 − ⋅ )


  ( D o m ( M ) ,  ≤  M ,  ⊕  M ,  ⊗  M ,   N  M )


    R _ ( A ) ,     R ¯ ( A )


  i n f m a x


  s u p m i n


      R  M _ ( A ) ,       R  M ¯ ( A )
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        R  X ¯ ( A )  ⊆  M     R  X ¯ ( B ) .


  x ∈ F ( X )


   ∨  M


   ∧  M


  y ∈ F ( X )


    N  M  (   R  X ( x , y ) )  ∨  M   𝜇  A ( y )    ≤  M     N  M  (   R  X ( x , y ) )  ∨  M   𝜇  B ( y )
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