
MATHEMATICS AND COMPUTER SCIENCE | MATHEMATICS; COMPUTER SCIENCE; COMPUTATIONAL SCIENCE

3JUNE 2026 • VOLUME 68 NUMBER 2

A new meshfree method of lines for the 3D advection-diffusion 
equation for solute transport in porous media

F.O. Ogunfiditimi, J.A. Kazeem*

Department of Mathematics, University of Abuja, Federal Capital Territory, Abuja, Nigeria

Received 8 April 2025; revised 15 April 2025; accepted 5 October 2025

                                               
*Corresponding author: Email: jamiu.kazeem@yahoo.com

Abstract:

The study proposes a novel Meshfree Method of Lines (MFMOL) for the numerical solution of three-dimensional 
advection-diffusion equations (ADEs) used to model solute transport in porous media. The method involves 
discretising the spatial variables of the model equations using an Augmented Radial Basis Point Interpolation 
Method (ARPIM), while the temporal variable remains continuous. This results in a system of ordinary differential 
equations (ODEs), which is numerically integrated using the MATLAB ODE solver. In solving solute transport 
in porous media, traditional mesh-based methods such as the Finite Element Method (FEM), Finite Difference 
Method (FDM), and Finite Volume Method (FVM) often encounter challenges such as numerical instabilities 
and distorted meshes caused by complex geometries and the presence of convective terms. To ensure accuracy, 
various stabilisation techniques are required, which increase computational effort, cost, and setup time. To 
overcome these challenges, the new MFMOL approach was proposed and applied in strong-form formulations 
without stabilisation techniques to solve 3D advection-diffusion problems in homogeneous and isotropic porous 
media. The results obtained were in good agreement with existing exact solutions, establishing the accuracy and 
efficiency of the new method and demonstrating its advantages over traditional mesh-based methods for solving 
problems involving complex geometries.
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2. Methods  

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣1

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣2

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣3

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 = 𝐷𝐷1

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑥𝑥2 + 𝐷𝐷2

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑦𝑦2 + 𝐷𝐷3

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑦𝑦2  

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝐿𝐿3]

𝑢𝑢(0, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡), 𝑢𝑢(𝐿𝐿1, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡), (𝑦𝑦, 𝑧𝑧, 𝑡𝑡) ∈ [0, 𝐿𝐿2] × [0, 𝐿𝐿3] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 0, 𝑧𝑧, 𝑡𝑡) = 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡), 𝑢𝑢(𝑥𝑥, 𝐿𝐿2, 𝑧𝑧, 𝑡𝑡) = 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡), (𝑥𝑥, 𝑧𝑧, 𝑡𝑡) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿3] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 0, 𝑡𝑡) = 𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡),     𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝐿𝐿3, 𝑡𝑡) = 𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡), (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑀𝑀𝐿𝐿−3] (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) 𝑡𝑡
𝑣𝑣1[𝐿𝐿𝑇𝑇−1]  𝑣𝑣2[𝐿𝐿𝑇𝑇−1] 𝑣𝑣3[𝐿𝐿𝑇𝑇−1] 𝑥𝑥, 𝑦𝑦 𝑧𝑧

𝐷𝐷1[𝐿𝐿2𝑇𝑇−1] 𝐷𝐷2[𝐿𝐿2𝑇𝑇−1] 𝐷𝐷3[𝐿𝐿2𝑇𝑇−1] 𝑥𝑥, 𝑦𝑦, 𝑧𝑧
𝑡𝑡[𝑇𝑇] 𝑥𝑥[𝐿𝐿] 𝑦𝑦[𝐿𝐿] 𝑧𝑧[𝐿𝐿] 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧)  𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡)  𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)

𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) 𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)
Ω3 = [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝐿𝐿3]

[𝑥𝑥𝑖𝑖]𝑖𝑖=1
𝑛𝑛 𝑥𝑥𝑖𝑖 = (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖), 𝑖𝑖 = 2,3 … 𝑛𝑛 − 1 𝑥𝑥𝑖𝑖 =

(𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖), 𝑖𝑖 = 1 𝑛𝑛 𝑢𝑢(𝑥𝑥, 𝑡𝑡) Ω3

𝑥𝑥𝛼𝛼 = (𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) ∈ Ω3

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑡𝑡) = 𝜙𝜙𝑇𝑇(𝑥𝑥𝛼𝛼)𝑢𝑢 = ∑ 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖         𝛼𝛼 = 1,2, … 𝑛𝑛

= [𝜙𝜙1(𝑥𝑥𝛼𝛼) 𝜙𝜙2(𝑥𝑥𝛼𝛼) … 𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) … 𝜙𝜙𝑛𝑛(𝑥𝑥𝛼𝛼)] [𝑢𝑢1 𝑢𝑢2 𝑢𝑢𝑘𝑘 … 𝑢𝑢𝑛𝑛]𝑇𝑇  

𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) = ∑ 𝑅𝑅𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑥𝑥𝛼𝛼)𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 (𝑥𝑥𝛼𝛼)𝐵𝐵𝑗𝑗𝑗𝑗, 𝛼𝛼, 𝑘𝑘 = 1,2, … 𝑛𝑛

𝑘𝑘𝑘𝑘ℎ 𝑥𝑥𝛼𝛼 𝑛𝑛 𝑚𝑚
𝑢𝑢 = [𝑢𝑢1 𝑢𝑢2 𝑢𝑢𝑘𝑘 … 𝑢𝑢𝑛𝑛]𝑇𝑇

𝑛𝑛 𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) 𝑘𝑘𝑘𝑘ℎ 𝑥𝑥𝛼𝛼
∑ 𝑅𝑅𝑖𝑖

𝑛𝑛
𝑖𝑖=1 (𝑥𝑥𝛼𝛼)𝐴𝐴𝑖𝑖𝑖𝑖
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2. Methods  

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣1

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣2

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 + 𝑣𝑣3

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕 = 𝐷𝐷1

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑥𝑥2 + 𝐷𝐷2

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑦𝑦2 + 𝐷𝐷3

𝜕𝜕2𝑢𝑢(𝑥𝑥,𝑦𝑦,𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑦𝑦2  

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝐿𝐿3]

𝑢𝑢(0, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡), 𝑢𝑢(𝐿𝐿1, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡), (𝑦𝑦, 𝑧𝑧, 𝑡𝑡) ∈ [0, 𝐿𝐿2] × [0, 𝐿𝐿3] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 0, 𝑧𝑧, 𝑡𝑡) = 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡), 𝑢𝑢(𝑥𝑥, 𝐿𝐿2, 𝑧𝑧, 𝑡𝑡) = 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡), (𝑥𝑥, 𝑧𝑧, 𝑡𝑡) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿3] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 0, 𝑡𝑡) = 𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡),     𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝐿𝐿3, 𝑡𝑡) = 𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡), (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝑇𝑇]

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑀𝑀𝐿𝐿−3] (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) 𝑡𝑡
𝑣𝑣1[𝐿𝐿𝑇𝑇−1]  𝑣𝑣2[𝐿𝐿𝑇𝑇−1] 𝑣𝑣3[𝐿𝐿𝑇𝑇−1] 𝑥𝑥, 𝑦𝑦 𝑧𝑧

𝐷𝐷1[𝐿𝐿2𝑇𝑇−1] 𝐷𝐷2[𝐿𝐿2𝑇𝑇−1] 𝐷𝐷3[𝐿𝐿2𝑇𝑇−1] 𝑥𝑥, 𝑦𝑦, 𝑧𝑧
𝑡𝑡[𝑇𝑇] 𝑥𝑥[𝐿𝐿] 𝑦𝑦[𝐿𝐿] 𝑧𝑧[𝐿𝐿] 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧)  𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡)  𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)

𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) 𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)
Ω3 = [0, 𝐿𝐿1] × [0, 𝐿𝐿2] × [0, 𝐿𝐿3]

[𝑥𝑥𝑖𝑖]𝑖𝑖=1
𝑛𝑛 𝑥𝑥𝑖𝑖 = (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖), 𝑖𝑖 = 2,3 … 𝑛𝑛 − 1 𝑥𝑥𝑖𝑖 =

(𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖), 𝑖𝑖 = 1 𝑛𝑛 𝑢𝑢(𝑥𝑥, 𝑡𝑡) Ω3

𝑥𝑥𝛼𝛼 = (𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) ∈ Ω3

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑡𝑡) = 𝜙𝜙𝑇𝑇(𝑥𝑥𝛼𝛼)𝑢𝑢 = ∑ 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖         𝛼𝛼 = 1,2, … 𝑛𝑛

= [𝜙𝜙1(𝑥𝑥𝛼𝛼) 𝜙𝜙2(𝑥𝑥𝛼𝛼) … 𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) … 𝜙𝜙𝑛𝑛(𝑥𝑥𝛼𝛼)] [𝑢𝑢1 𝑢𝑢2 𝑢𝑢𝑘𝑘 … 𝑢𝑢𝑛𝑛]𝑇𝑇  

𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) = ∑ 𝑅𝑅𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑥𝑥𝛼𝛼)𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 (𝑥𝑥𝛼𝛼)𝐵𝐵𝑗𝑗𝑗𝑗, 𝛼𝛼, 𝑘𝑘 = 1,2, … 𝑛𝑛

𝑘𝑘𝑘𝑘ℎ 𝑥𝑥𝛼𝛼 𝑛𝑛 𝑚𝑚
𝑢𝑢 = [𝑢𝑢1 𝑢𝑢2 𝑢𝑢𝑘𝑘 … 𝑢𝑢𝑛𝑛]𝑇𝑇

𝑛𝑛 𝜙𝜙𝑘𝑘(𝑥𝑥𝛼𝛼) 𝑘𝑘𝑘𝑘ℎ 𝑥𝑥𝛼𝛼
∑ 𝑅𝑅𝑖𝑖

𝑛𝑛
𝑖𝑖=1 (𝑥𝑥𝛼𝛼)𝐴𝐴𝑖𝑖𝑖𝑖

3 
 

∑ 𝑝𝑝𝑗𝑗
𝑚𝑚
𝑗𝑗=1 (𝑥𝑥𝛼𝛼)𝐵𝐵𝑗𝑗𝑘𝑘 𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗𝑗𝑗

𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼) 𝑝𝑝𝑗𝑗(𝒙𝒙𝛼𝛼)

𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) = (
𝑅𝑅1(𝒓𝒓11)
𝑅𝑅1(𝒓𝒓21)

⋮
𝑅𝑅1(𝒓𝒓𝑛𝑛1)

 
𝑅𝑅2(𝒓𝒓12)
𝑅𝑅2(𝒓𝒓22)

⋮
𝑅𝑅2(𝒓𝒓𝑛𝑛2)

…
…
…
…

 
𝑅𝑅𝑛𝑛(𝒓𝒓1𝑛𝑛)
𝑅𝑅𝑛𝑛(𝒓𝒓2𝑛𝑛)

⋮
𝑅𝑅𝑛𝑛(𝒓𝒓𝑛𝑛𝑛𝑛)

)(
𝐴𝐴1𝑘𝑘
𝐴𝐴2𝑘𝑘
⋮

𝐴𝐴𝑛𝑛𝑛𝑛

) + (
𝑝𝑝1(𝒙𝒙1)
𝑝𝑝1(𝒙𝒙2)

⋮
𝑝𝑝1(𝒙𝒙𝑛𝑛)

 
𝑝𝑝2(𝒙𝒙1)
𝑝𝑝2(𝒙𝒙2)

⋮
𝑝𝑝2(𝒙𝒙𝑛𝑛)

 

…
…
…
…

 
𝑝𝑝𝑚𝑚(𝒙𝒙1)
𝑝𝑝𝑚𝑚(𝒙𝒙2)

⋮
𝑝𝑝𝑚𝑚(𝒙𝒙𝑛𝑛)

)(
𝐵𝐵1𝑘𝑘
𝐵𝐵2𝑘𝑘
⋮

𝐵𝐵𝑚𝑚𝑚𝑚

)        

𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) = 𝑹𝑹𝐴𝐴𝑖𝑖𝑖𝑖 + 𝑷𝑷𝐵𝐵𝑗𝑗𝑗𝑗 , 𝑖𝑖 = 1,2, …𝑛𝑛 𝑗𝑗 = 1,2, …𝑚𝑚

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘) 𝑐𝑐 = 1.42 𝑞𝑞 = 1.03

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘) = (𝒓𝒓𝑘𝑘𝑘𝑘
2 + 𝑐𝑐2)𝑞𝑞 = (𝒓𝒓𝑘𝑘𝑘𝑘

2 + 1.422)1.03    𝑘𝑘, 𝑗𝑗 = 1,2, …𝑛𝑛

𝒓𝒓𝑘𝑘𝑘𝑘 𝒙𝒙𝑘𝑘 = (𝑥𝑥𝑘𝑘, 𝑦𝑦𝑘𝑘, 𝑧𝑧𝑘𝑘) 𝒙𝒙𝑗𝑗 = (𝑥𝑥𝑗𝑗, 𝑦𝑦𝑗𝑗, 𝑧𝑧𝑗𝑗)
Ω3

𝒓𝒓𝑘𝑘𝑘𝑘 = ‖𝐸𝐸𝑘𝑘 − 𝐸𝐸𝑗𝑗‖ = √(𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑗𝑗)
2 + (𝑦𝑦𝑘𝑘 − 𝑦𝑦𝑗𝑗)

2 + (𝑧𝑧𝑘𝑘 − 𝑧𝑧𝑗𝑗)
2 , 𝐸𝐸𝑘𝑘 = (𝑥𝑥𝑘𝑘, 𝑦𝑦𝑘𝑘, 𝑧𝑧𝑘𝑘), 𝐸𝐸𝑗𝑗 = (𝑥𝑥𝑗𝑗, 𝑦𝑦𝑗𝑗, 𝑧𝑧𝑗𝑗)   

𝑃𝑃 𝑝𝑝𝑗𝑗(𝑥𝑥) = [𝑝𝑝1(𝑥𝑥)  𝑝𝑝2(𝑥𝑥) 𝑝𝑝3(𝑥𝑥)… 𝑝𝑝𝑚𝑚(𝑥𝑥)] 𝑚𝑚
𝑝𝑝𝑗𝑗(𝑥𝑥)

𝑃𝑃 = (
𝑝𝑝1(𝑥𝑥1)
𝑝𝑝1(𝑥𝑥2)

⋮
𝑝𝑝1(𝑥𝑥𝑛𝑛)

  
𝑝𝑝2(𝑥𝑥1)
𝑝𝑝2(𝑥𝑥2)

⋮
𝑝𝑝2(𝑥𝑥𝑛𝑛)

 

…
…
…
…

 
𝑝𝑝𝑚𝑚(𝑥𝑥1)
𝑝𝑝𝑚𝑚(𝑥𝑥2)

⋮
𝑝𝑝𝑚𝑚(𝑥𝑥𝑛𝑛)

) =  
[
 
 
 1 𝑥𝑥1 𝑦𝑦1 𝑧𝑧1 … 𝑥𝑥1

𝑚𝑚−1𝑦𝑦1
𝑚𝑚−1𝑧𝑧1

𝑚𝑚−1

1 𝑥𝑥2 𝑦𝑦2 𝑧𝑧2 … 𝑥𝑥2
𝑚𝑚−1𝑦𝑦2

𝑚𝑚−1𝑧𝑧2
𝑚𝑚−1

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑥𝑥𝑛𝑛 𝑦𝑦𝑛𝑛 𝑧𝑧𝑛𝑛 … 𝑥𝑥𝑛𝑛

𝑚𝑚−1𝑦𝑦𝑛𝑛
𝑚𝑚−1𝑧𝑧𝑛𝑛

𝑚𝑚−1]
 
 
 

𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗𝑗𝑗 𝑖𝑖, 𝑘𝑘)𝑡𝑡ℎ (𝑗𝑗, 𝑘𝑘)𝑡𝑡ℎ 𝐾𝐾𝑎𝑎 𝐾𝐾𝑏𝑏

𝐾𝐾𝑎𝑎 = 𝑅𝑅−1 − 𝑅𝑅−1𝑃𝑃𝐾𝐾𝑏𝑏 𝐾𝐾𝑏𝑏 = [𝑃𝑃𝑇𝑇𝑅𝑅−1𝑃𝑃]−1𝑃𝑃𝑇𝑇𝑅𝑅−1

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) + 𝑣𝑣2

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) + 𝑣𝑣3

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) = 𝐷𝐷1

𝜕𝜕2

𝜕𝜕𝜕𝜕2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ) +

𝐷𝐷2
𝜕𝜕2

𝜕𝜕𝜕𝜕 2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 )  + 𝐷𝐷3

𝜕𝜕2

𝜕𝜕𝜕𝜕 2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 )

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼, 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼)   𝛼𝛼 = 1,2, …𝑛𝑛  
𝑢𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1), 𝑢𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

𝑢𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1), 𝑢𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
𝑢𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1), 𝑢𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗)𝒖𝒖 + 𝑣𝑣2 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 +𝑣𝑣3 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 +

∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)
𝜕𝜕𝜕𝜕

𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 − 𝐷𝐷1 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 𝐷𝐷2 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 +

𝐷𝐷3 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)
𝜕𝜕𝜕𝜕2

𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖
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[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿2, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)
]

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 
𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼) = 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 𝒖𝒖 = [𝑢𝑢1  𝑢𝑢2 … 𝑢𝑢𝑛𝑛]𝑇𝑇 𝑢𝑢𝑖𝑖 =  𝑢𝑢𝑖𝑖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛼𝛼, 𝑖𝑖 = 1,2, …𝑛𝑛

𝑢𝑢(𝒙𝒙, 𝑡𝑡)

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) − 𝑣𝑣1

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  

)

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷3 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

𝑢𝑢𝑖𝑖̇ =
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 𝑖𝑖 = 1,2, …𝑛𝑛

𝜙𝜙𝑖𝑖(𝒙𝒙𝑗𝑗) = {
1, 𝑖𝑖 = 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛
0, 𝑖𝑖 ≠ 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑢𝑢1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑇𝑇)
𝑥𝑥, 𝑦𝑦 𝑧𝑧,

[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝑢𝑢1(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] =  [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [ 𝑢𝑢1(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)

] = [𝑢𝑢1(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)
] = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

]

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
) − 𝑣𝑣2

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
)
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[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿2, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)
]

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 
𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼) = 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 𝒖𝒖 = [𝑢𝑢1  𝑢𝑢2 … 𝑢𝑢𝑛𝑛]𝑇𝑇 𝑢𝑢𝑖𝑖 =  𝑢𝑢𝑖𝑖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛼𝛼, 𝑖𝑖 = 1,2, …𝑛𝑛

𝑢𝑢(𝒙𝒙, 𝑡𝑡)

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) − 𝑣𝑣1

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  

)

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷3 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

𝑢𝑢𝑖𝑖̇ =
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 𝑖𝑖 = 1,2, …𝑛𝑛

𝜙𝜙𝑖𝑖(𝒙𝒙𝑗𝑗) = {
1, 𝑖𝑖 = 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛
0, 𝑖𝑖 ≠ 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑢𝑢1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑇𝑇)
𝑥𝑥, 𝑦𝑦 𝑧𝑧,

[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝑢𝑢1(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] =  [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [ 𝑢𝑢1(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)

] = [𝑢𝑢1(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)
] = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

]

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
) − 𝑣𝑣2

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
)
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[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿2, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)
]

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 
𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼) = 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 𝒖𝒖 = [𝑢𝑢1  𝑢𝑢2 … 𝑢𝑢𝑛𝑛]𝑇𝑇 𝑢𝑢𝑖𝑖 =  𝑢𝑢𝑖𝑖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛼𝛼, 𝑖𝑖 = 1,2, …𝑛𝑛

𝑢𝑢(𝒙𝒙, 𝑡𝑡)

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) − 𝑣𝑣1

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  

)

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷3 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

𝑢𝑢𝑖𝑖̇ =
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 𝑖𝑖 = 1,2, …𝑛𝑛

𝜙𝜙𝑖𝑖(𝒙𝒙𝑗𝑗) = {
1, 𝑖𝑖 = 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛
0, 𝑖𝑖 ≠ 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑢𝑢1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑇𝑇)
𝑥𝑥, 𝑦𝑦 𝑧𝑧,

[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝑢𝑢1(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] =  [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [ 𝑢𝑢1(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)

] = [𝑢𝑢1(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)
] = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

]

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
) − 𝑣𝑣2

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
)

3 
 

∑ 𝑝𝑝𝑗𝑗
𝑚𝑚
𝑗𝑗=1 (𝑥𝑥𝛼𝛼)𝐵𝐵𝑗𝑗𝑘𝑘 𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗𝑗𝑗

𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼) 𝑝𝑝𝑗𝑗(𝒙𝒙𝛼𝛼)

𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) = (
𝑅𝑅1(𝒓𝒓11)
𝑅𝑅1(𝒓𝒓21)

⋮
𝑅𝑅1(𝒓𝒓𝑛𝑛1)

 
𝑅𝑅2(𝒓𝒓12)
𝑅𝑅2(𝒓𝒓22)

⋮
𝑅𝑅2(𝒓𝒓𝑛𝑛2)

…
…
…
…

 
𝑅𝑅𝑛𝑛(𝒓𝒓1𝑛𝑛)
𝑅𝑅𝑛𝑛(𝒓𝒓2𝑛𝑛)

⋮
𝑅𝑅𝑛𝑛(𝒓𝒓𝑛𝑛𝑛𝑛)

)(
𝐴𝐴1𝑘𝑘
𝐴𝐴2𝑘𝑘
⋮

𝐴𝐴𝑛𝑛𝑛𝑛

) + (
𝑝𝑝1(𝒙𝒙1)
𝑝𝑝1(𝒙𝒙2)

⋮
𝑝𝑝1(𝒙𝒙𝑛𝑛)

 
𝑝𝑝2(𝒙𝒙1)
𝑝𝑝2(𝒙𝒙2)

⋮
𝑝𝑝2(𝒙𝒙𝑛𝑛)

 

…
…
…
…

 
𝑝𝑝𝑚𝑚(𝒙𝒙1)
𝑝𝑝𝑚𝑚(𝒙𝒙2)

⋮
𝑝𝑝𝑚𝑚(𝒙𝒙𝑛𝑛)

)(
𝐵𝐵1𝑘𝑘
𝐵𝐵2𝑘𝑘
⋮

𝐵𝐵𝑚𝑚𝑚𝑚

)        

𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) = 𝑹𝑹𝐴𝐴𝑖𝑖𝑖𝑖 + 𝑷𝑷𝐵𝐵𝑗𝑗𝑗𝑗 , 𝑖𝑖 = 1,2, …𝑛𝑛 𝑗𝑗 = 1,2, …𝑚𝑚

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘) 𝑐𝑐 = 1.42 𝑞𝑞 = 1.03

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘) = (𝒓𝒓𝑘𝑘𝑘𝑘
2 + 𝑐𝑐2)𝑞𝑞 = (𝒓𝒓𝑘𝑘𝑘𝑘

2 + 1.422)1.03    𝑘𝑘, 𝑗𝑗 = 1,2, …𝑛𝑛

𝒓𝒓𝑘𝑘𝑘𝑘 𝒙𝒙𝑘𝑘 = (𝑥𝑥𝑘𝑘, 𝑦𝑦𝑘𝑘, 𝑧𝑧𝑘𝑘) 𝒙𝒙𝑗𝑗 = (𝑥𝑥𝑗𝑗, 𝑦𝑦𝑗𝑗, 𝑧𝑧𝑗𝑗)
Ω3

𝒓𝒓𝑘𝑘𝑘𝑘 = ‖𝐸𝐸𝑘𝑘 − 𝐸𝐸𝑗𝑗‖ = √(𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑗𝑗)
2 + (𝑦𝑦𝑘𝑘 − 𝑦𝑦𝑗𝑗)

2 + (𝑧𝑧𝑘𝑘 − 𝑧𝑧𝑗𝑗)
2 , 𝐸𝐸𝑘𝑘 = (𝑥𝑥𝑘𝑘, 𝑦𝑦𝑘𝑘, 𝑧𝑧𝑘𝑘), 𝐸𝐸𝑗𝑗 = (𝑥𝑥𝑗𝑗, 𝑦𝑦𝑗𝑗, 𝑧𝑧𝑗𝑗)   

𝑃𝑃 𝑝𝑝𝑗𝑗(𝑥𝑥) = [𝑝𝑝1(𝑥𝑥)  𝑝𝑝2(𝑥𝑥) 𝑝𝑝3(𝑥𝑥)… 𝑝𝑝𝑚𝑚(𝑥𝑥)] 𝑚𝑚
𝑝𝑝𝑗𝑗(𝑥𝑥)

𝑃𝑃 = (
𝑝𝑝1(𝑥𝑥1)
𝑝𝑝1(𝑥𝑥2)

⋮
𝑝𝑝1(𝑥𝑥𝑛𝑛)

  
𝑝𝑝2(𝑥𝑥1)
𝑝𝑝2(𝑥𝑥2)

⋮
𝑝𝑝2(𝑥𝑥𝑛𝑛)

 

…
…
…
…

 
𝑝𝑝𝑚𝑚(𝑥𝑥1)
𝑝𝑝𝑚𝑚(𝑥𝑥2)

⋮
𝑝𝑝𝑚𝑚(𝑥𝑥𝑛𝑛)

) =  
[
 
 
 1 𝑥𝑥1 𝑦𝑦1 𝑧𝑧1 … 𝑥𝑥1

𝑚𝑚−1𝑦𝑦1
𝑚𝑚−1𝑧𝑧1

𝑚𝑚−1

1 𝑥𝑥2 𝑦𝑦2 𝑧𝑧2 … 𝑥𝑥2
𝑚𝑚−1𝑦𝑦2

𝑚𝑚−1𝑧𝑧2
𝑚𝑚−1

⋮ ⋮ ⋮ ⋱ ⋮
1 𝑥𝑥𝑛𝑛 𝑦𝑦𝑛𝑛 𝑧𝑧𝑛𝑛 … 𝑥𝑥𝑛𝑛

𝑚𝑚−1𝑦𝑦𝑛𝑛
𝑚𝑚−1𝑧𝑧𝑛𝑛

𝑚𝑚−1]
 
 
 

𝐴𝐴𝑖𝑖𝑖𝑖 𝐵𝐵𝑗𝑗𝑗𝑗 𝑖𝑖, 𝑘𝑘)𝑡𝑡ℎ (𝑗𝑗, 𝑘𝑘)𝑡𝑡ℎ 𝐾𝐾𝑎𝑎 𝐾𝐾𝑏𝑏

𝐾𝐾𝑎𝑎 = 𝑅𝑅−1 − 𝑅𝑅−1𝑃𝑃𝐾𝐾𝑏𝑏 𝐾𝐾𝑏𝑏 = [𝑃𝑃𝑇𝑇𝑅𝑅−1𝑃𝑃]−1𝑃𝑃𝑇𝑇𝑅𝑅−1

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) + 𝑣𝑣2

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) + 𝑣𝑣3

𝜕𝜕
𝜕𝜕𝜕𝜕 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ) = 𝐷𝐷1

𝜕𝜕2

𝜕𝜕𝜕𝜕2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ) +

𝐷𝐷2
𝜕𝜕2

𝜕𝜕𝜕𝜕 2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 )  + 𝐷𝐷3

𝜕𝜕2

𝜕𝜕𝜕𝜕 2 (∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼)𝑢𝑢𝑖𝑖
𝑛𝑛
𝑖𝑖=1 )

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼, 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼)   𝛼𝛼 = 1,2, …𝑛𝑛  
𝑢𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1), 𝑢𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

𝑢𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1), 𝑢𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
𝑢𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙1)𝑛𝑛

𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1), 𝑢𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑡𝑡𝑛𝑛) = ∑ 𝜙𝜙𝑖𝑖(𝒙𝒙𝑛𝑛)𝑛𝑛
𝑖𝑖=1 𝑢𝑢𝑖𝑖 = 𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗)𝒖𝒖 + 𝑣𝑣2 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 +𝑣𝑣3 (∑ 𝜕𝜕𝜕𝜕𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 +

∑ 𝜕𝜕𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)
𝜕𝜕𝜕𝜕

𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 − 𝐷𝐷1 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 𝐷𝐷2 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖 +

𝐷𝐷3 (∑ 𝜕𝜕2𝑅𝑅𝑖𝑖(𝒙𝒙𝛼𝛼)
𝜕𝜕𝜕𝜕2

𝑛𝑛
𝑖𝑖=1  𝐴𝐴𝑖𝑖𝑖𝑖 + ∑ 𝜕𝜕2𝑝𝑝𝑖𝑖(𝒙𝒙𝛼𝛼)

𝜕𝜕𝜕𝜕2
𝑚𝑚
𝑗𝑗=1  𝐵𝐵𝑗𝑗𝑗𝑗) 𝒖𝒖
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[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿2, 𝑇𝑇)

] = [𝜙𝜙1(𝒙𝒙1) 𝜙𝜙2(𝒙𝒙1) …
𝜙𝜙1(𝒙𝒙𝑛𝑛) 𝜙𝜙2(𝒙𝒙𝑛𝑛) …  

𝜙𝜙𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛(𝒙𝒙𝑛𝑛)

] 𝒖𝒖 = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)
]

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 
𝜙𝜙𝑖𝑖(𝒙𝒙𝛼𝛼) = 𝜙𝜙𝑖𝑖(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼) 𝒖𝒖 = [𝑢𝑢1  𝑢𝑢2 … 𝑢𝑢𝑛𝑛]𝑇𝑇 𝑢𝑢𝑖𝑖 =  𝑢𝑢𝑖𝑖(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝛼𝛼, 𝑖𝑖 = 1,2, …𝑛𝑛

𝑢𝑢(𝒙𝒙, 𝑡𝑡)

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) − 𝑣𝑣1

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  

)

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

  )(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
) + 𝐷𝐷3 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝑢𝑢1
𝑢𝑢2
⋮
𝑢𝑢𝑛𝑛
)

𝑢𝑢𝑖𝑖̇ =
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 𝑖𝑖 = 1,2, …𝑛𝑛

𝜙𝜙𝑖𝑖(𝒙𝒙𝑗𝑗) = {
1, 𝑖𝑖 = 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛
0, 𝑖𝑖 ≠ 𝑗𝑗 , 𝑖𝑖, 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑢𝑢1(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑇𝑇)
𝑥𝑥, 𝑦𝑦 𝑧𝑧,

[𝑔𝑔1𝑔𝑔𝑛𝑛] = [
𝑢̃𝑢(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [𝑢𝑢1(0, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝐿𝐿1, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] =  [𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[ℎ1ℎ𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

] = [ 𝑢𝑢1(𝑥𝑥1, 0, 𝑧𝑧1, 𝑡𝑡1)𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝐿𝐿2, 𝑧𝑧𝑛𝑛, 𝑇𝑇)
] = [𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1)𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇)

]

[𝑘𝑘1𝑘𝑘𝑛𝑛] = [
𝑢̃𝑢(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1)
𝑢̃𝑢(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)

] = [𝑢𝑢1(𝑥𝑥1, 𝑦𝑦1, 0, 𝑡𝑡1 )𝑢𝑢𝑛𝑛(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝐿𝐿3, 𝑇𝑇)
] = [𝛽𝛽3(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1)𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇)

]

(
𝑢𝑢1̇
𝑢𝑢2̇
⋮
𝑢𝑢𝑛̇𝑛
) =  −𝑣𝑣1 (

𝜙𝜙1𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
) − 𝑣𝑣2

(

 
 
𝜙𝜙1𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦(𝒙𝒙𝑛𝑛)

  

𝜙𝜙2𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
)

5 
 

−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛 (𝒙𝒙𝑛𝑛)

)(
𝛽𝛽3
𝑢𝑢2
⋮
𝛾𝛾3
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
)

+𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
) + 𝐷𝐷2 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽3
𝑢𝑢2
⋮
𝛾𝛾3
)

𝛽𝛽1 = 𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1), 𝛽𝛽2 = 𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1), 𝛽𝛽3 = 𝛽𝛽2(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1),  𝛾𝛾1 =  𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇), 𝛾𝛾2 =  𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇). 

𝛾𝛾3 =  𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇) 𝑖𝑖 = 1, 2, … 𝑛𝑛

(𝑢𝑢1 = 𝛽𝛽1, 𝑢𝑢𝑛𝑛 = 𝛾𝛾1) (𝑢𝑢1 = 𝛽𝛽2, 𝑢𝑢𝑛𝑛 = 𝛾𝛾2) (𝑢𝑢1 = 𝛽𝛽3, 𝑢𝑢𝑛𝑛 =
𝛾𝛾3) 𝒙𝒙1 = (𝑥𝑥1, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1) 𝒙𝒙𝑛𝑛 = (𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇) 𝑥𝑥, 𝑦𝑦 𝑧𝑧,

(𝑛𝑛 × 𝑛𝑛) (𝑛𝑛 − 2 ) × (𝑛𝑛 − 2)
𝑢𝑢2, 𝑢𝑢3, … 𝑢𝑢𝑛𝑛−1 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖 , 𝑡𝑡𝑖𝑖), 𝑖𝑖 =

2, 3, … , 𝑛𝑛 − 1,

(
𝑢𝑢2̇
𝑢𝑢3̇
⋮
𝑢𝑢𝑠̇𝑠
) = −𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑥𝑥(𝒙𝒙2)
𝜙𝜙3𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙3𝑥𝑥(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)
⋮

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)
  )(

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) − 𝑣𝑣2

(

 
 
𝜙𝜙2𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑠𝑠)

  

𝜙𝜙3𝑦𝑦(𝒙𝒙2)
𝜙𝜙3𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙3𝑦𝑦(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

  

)

 
 (

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

−𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑧𝑧(𝒙𝒙2)
𝜙𝜙3𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙3𝑧𝑧(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)
⋮

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)
)(

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) + 𝐷𝐷1 (

𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

)(
𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑠𝑠)

  

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  

𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠))

 
 (

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) + 𝐷𝐷3 (

𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

)(
𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

𝑠𝑠 = 𝑛𝑛 − 1

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼, 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼)    𝛼𝛼 = 2, 3… 𝑠𝑠 = 𝑛𝑛 − 1

𝑢𝑢2, 𝑢𝑢3, … 𝑢𝑢𝑛𝑛−1.

3. Results and discussion                                   

𝑃𝑃𝑃𝑃), 𝑃𝑃𝑃𝑃 ≫ 1

𝑃𝑃𝑃𝑃 ≪ 1
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Ω3 = [0, 1] × [0, 1] × [0, 1] Ω3 = {(0,0,0), (0.3, 0.4, 0.5), (0.4,0.5, 0.6), 
(0.7, 0.8, 0.9), (1, 1, 1)} (0,0,0) (1,1,1)

(0.3, 0.4, 0.5), (0.4,0.5, 0.6),
(0.7, 0.8, 0.9) 𝒓𝒓𝑘𝑘𝑘𝑘

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘)
𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) 𝑘𝑘𝑘𝑘ℎ 𝒙𝒙𝛼𝛼 𝑗𝑗, 𝑘𝑘, 𝛼𝛼 = 1,2, … ,5)

Ω3

𝐷𝐷1 = 𝐷𝐷2 =
𝐷𝐷3 = 0.5 𝑚𝑚2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣3 = 0.5 𝑚𝑚𝑠𝑠−1

𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧, 𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (1 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡, 𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−1 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,   𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 +
1 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,  𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−1 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,  

𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 1)𝑒𝑒𝑡𝑡  𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−1)𝑒𝑒𝑡𝑡 𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| = 1

𝐿𝐿1 = 𝐿𝐿2 = 𝐿𝐿3 = 1
𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,        (𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.1]

 

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝑣𝑣2 (
𝜙𝜙2𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) 

+ 𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) − 𝐷𝐷1 (
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

= 𝐷𝐷2 (
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝐷𝐷3 (
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

𝑢𝑢(𝒙𝒙, 0) = (
𝑢𝑢(𝒙𝒙2, 0)
𝑢𝑢(𝒙𝒙3, 0)
𝑢𝑢(𝒙𝒙4, 0)

) = (
𝑒𝑒−𝑥𝑥2 + 𝑒𝑒−𝑦𝑦2 + 𝑒𝑒−𝑧𝑧2

  𝑒𝑒−𝑥𝑥3 + 𝑒𝑒−𝑦𝑦3 + 𝑒𝑒−𝑧𝑧3

  𝑒𝑒−𝑥𝑥4 + 𝑒𝑒−𝑦𝑦4 + 𝑒𝑒−𝑧𝑧4
) 

(
𝑢𝑢2̇
𝑢𝑢3̇
𝑢𝑢4̇

) = (
−1.2102 −4.3895 5.376900
3.30225

880.7240
−9.4207 5.875600

−96.6463 −30.4823
) (

𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) , 𝑢𝑢(𝒙𝒙, 0) = (
2.0177
1.8257
1.3525

)

 𝐷𝐷1 =
𝐷𝐷2 = 𝐷𝐷3 = 0.01 𝑚𝑚2𝑠𝑠−1 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣3 = 0.8 𝑚𝑚𝑠𝑠−1

𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(0.8𝑡𝑡+0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾1(𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(0.5−0.8𝑡𝑡)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )
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−𝑣𝑣3 (
𝜙𝜙1𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧(𝒙𝒙𝑛𝑛)

  
𝜙𝜙2𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑛𝑛)

  

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛 (𝒙𝒙𝑛𝑛)

)(
𝛽𝛽3
𝑢𝑢2
⋮
𝛾𝛾3
) + 𝐷𝐷1 (

𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙1𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙1)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽1
𝑢𝑢2
⋮
𝛾𝛾1
)

+𝐷𝐷2

(

 
 
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙1𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙1)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  

𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛))

 
 (

𝛽𝛽2
𝑢𝑢2
⋮
𝛾𝛾2
) + 𝐷𝐷2 (

𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙1𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙1)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑛𝑛)

 

…
…
⋮
…
  
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙1)
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙2)

⋮
𝜙𝜙𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙𝑛𝑛)

)(
𝛽𝛽3
𝑢𝑢2
⋮
𝛾𝛾3
)

𝛽𝛽1 = 𝛽𝛽1(𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1), 𝛽𝛽2 = 𝛽𝛽2(𝑥𝑥1, 𝑧𝑧1, 𝑡𝑡1), 𝛽𝛽3 = 𝛽𝛽2(𝑥𝑥1, 𝑦𝑦1, 𝑡𝑡1),  𝛾𝛾1 =  𝛾𝛾1(𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇), 𝛾𝛾2 =  𝛾𝛾2(𝑥𝑥𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇). 

𝛾𝛾3 =  𝛾𝛾3(𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑇𝑇) 𝑖𝑖 = 1, 2, … 𝑛𝑛

(𝑢𝑢1 = 𝛽𝛽1, 𝑢𝑢𝑛𝑛 = 𝛾𝛾1) (𝑢𝑢1 = 𝛽𝛽2, 𝑢𝑢𝑛𝑛 = 𝛾𝛾2) (𝑢𝑢1 = 𝛽𝛽3, 𝑢𝑢𝑛𝑛 =
𝛾𝛾3) 𝒙𝒙1 = (𝑥𝑥1, 𝑦𝑦1, 𝑧𝑧1, 𝑡𝑡1) 𝒙𝒙𝑛𝑛 = (𝑥𝑥𝑛𝑛, 𝑦𝑦𝑛𝑛, 𝑧𝑧𝑛𝑛, 𝑇𝑇) 𝑥𝑥, 𝑦𝑦 𝑧𝑧,

(𝑛𝑛 × 𝑛𝑛) (𝑛𝑛 − 2 ) × (𝑛𝑛 − 2)
𝑢𝑢2, 𝑢𝑢3, … 𝑢𝑢𝑛𝑛−1 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖 , 𝑡𝑡𝑖𝑖), 𝑖𝑖 =

2, 3, … , 𝑛𝑛 − 1,

(
𝑢𝑢2̇
𝑢𝑢3̇
⋮
𝑢𝑢𝑠̇𝑠
) = −𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙2𝑥𝑥(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑥𝑥(𝒙𝒙2)
𝜙𝜙3𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙3𝑥𝑥(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)
⋮

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)
  )(

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) − 𝑣𝑣2

(

 
 
𝜙𝜙2𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙2𝑦𝑦(𝒙𝒙𝑠𝑠)

  

𝜙𝜙3𝑦𝑦(𝒙𝒙2)
𝜙𝜙3𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙3𝑦𝑦(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

  

)

 
 (

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

−𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙2𝑧𝑧(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑧𝑧(𝒙𝒙2)
𝜙𝜙3𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙3𝑧𝑧(𝒙𝒙𝑠𝑠)

  

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙3)
⋮

𝜙𝜙𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)
)(

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) + 𝐷𝐷1 (

𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2)

⋮
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)

⋮
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

)(
𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

+ 𝐷𝐷2

(

 
 
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2)

⋮
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙𝑠𝑠)

  

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)

⋮
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  

𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠))

 
 (

𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
) + 𝐷𝐷3 (

𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2)

⋮
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙𝑠𝑠)

  
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)

⋮
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙𝑠𝑠)

 

…
…
⋮
…
  
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙2)
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙3)

⋮
𝜙𝜙𝑠𝑠𝑠𝑠𝑠𝑠(𝒙𝒙𝑠𝑠)

)(
𝑢𝑢2
𝑢𝑢3
⋮
𝑢𝑢𝑠𝑠
)

𝑠𝑠 = 𝑛𝑛 − 1

𝑢𝑢(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼, 0) = 𝜂𝜂(𝑥𝑥𝛼𝛼, 𝑦𝑦𝛼𝛼, 𝑧𝑧𝛼𝛼)    𝛼𝛼 = 2, 3… 𝑠𝑠 = 𝑛𝑛 − 1

𝑢𝑢2, 𝑢𝑢3, … 𝑢𝑢𝑛𝑛−1.

3. Results and discussion                                   

𝑃𝑃𝑃𝑃), 𝑃𝑃𝑃𝑃 ≫ 1

𝑃𝑃𝑃𝑃 ≪ 1
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Ω3 = [0, 1] × [0, 1] × [0, 1] Ω3 = {(0,0,0), (0.3, 0.4, 0.5), (0.4,0.5, 0.6), 
(0.7, 0.8, 0.9), (1, 1, 1)} (0,0,0) (1,1,1)

(0.3, 0.4, 0.5), (0.4,0.5, 0.6),
(0.7, 0.8, 0.9) 𝒓𝒓𝑘𝑘𝑘𝑘

𝑅𝑅𝑖𝑖(𝒓𝒓𝑘𝑘𝑘𝑘)
𝜙𝜙𝑘𝑘(𝒙𝒙𝛼𝛼) 𝑘𝑘𝑘𝑘ℎ 𝒙𝒙𝛼𝛼 𝑗𝑗, 𝑘𝑘, 𝛼𝛼 = 1,2, … ,5)

Ω3

𝐷𝐷1 = 𝐷𝐷2 =
𝐷𝐷3 = 0.5 𝑚𝑚2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣3 = 0.5 𝑚𝑚𝑠𝑠−1

𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧, 𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (1 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡, 𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−1 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,   𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 +
1 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,  𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−1 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,  

𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 1)𝑒𝑒𝑡𝑡  𝛾𝛾3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−1)𝑒𝑒𝑡𝑡 𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| = 1

𝐿𝐿1 = 𝐿𝐿2 = 𝐿𝐿3 = 1
𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑥𝑥 + 𝑒𝑒−𝑦𝑦 + 𝑒𝑒−𝑧𝑧)𝑒𝑒𝑡𝑡,        (𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.1]

 

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝑣𝑣2 (
𝜙𝜙2𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) 

+ 𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) − 𝐷𝐷1 (
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

= 𝐷𝐷2 (
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝐷𝐷3 (
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

𝑢𝑢(𝒙𝒙, 0) = (
𝑢𝑢(𝒙𝒙2, 0)
𝑢𝑢(𝒙𝒙3, 0)
𝑢𝑢(𝒙𝒙4, 0)

) = (
𝑒𝑒−𝑥𝑥2 + 𝑒𝑒−𝑦𝑦2 + 𝑒𝑒−𝑧𝑧2

  𝑒𝑒−𝑥𝑥3 + 𝑒𝑒−𝑦𝑦3 + 𝑒𝑒−𝑧𝑧3

  𝑒𝑒−𝑥𝑥4 + 𝑒𝑒−𝑦𝑦4 + 𝑒𝑒−𝑧𝑧4
) 

(
𝑢𝑢2̇
𝑢𝑢3̇
𝑢𝑢4̇

) = (
−1.2102 −4.3895 5.376900
3.30225

880.7240
−9.4207 5.875600

−96.6463 −30.4823
) (

𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) , 𝑢𝑢(𝒙𝒙, 0) = (
2.0177
1.8257
1.3525

)

 𝐷𝐷1 =
𝐷𝐷2 = 𝐷𝐷3 = 0.01 𝑚𝑚2𝑠𝑠−1 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣3 = 0.8 𝑚𝑚𝑠𝑠−1

𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(0.8𝑡𝑡+0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾1(𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(0.5−0.8𝑡𝑡)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )
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𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(0.8𝑡𝑡+0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(0.5−0.8𝑡𝑡)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

𝛽𝛽2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(0.8𝑡𝑡+0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(0.5−0.8𝑡𝑡)2
0.01(4𝑡𝑡+1) )

 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝑒𝑒−100[(𝑥𝑥−0.5)2+(𝑦𝑦−0.5)2+(𝑧𝑧−0.5)2] 𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| = 80 𝐿𝐿1 = 𝐿𝐿2 = 𝐿𝐿3 = 1

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡+1 𝑒𝑒(−(𝑥𝑥−0.8𝑡𝑡+0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2

0.01(4𝑡𝑡+1) ), (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.3]

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝑣𝑣2 (
𝜙𝜙2𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) 

+ 𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) − 𝐷𝐷1 (
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

= 𝐷𝐷2 (
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝐷𝐷3 (
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

𝑢𝑢(𝒙𝒙, 0) = (
𝑢𝑢(𝒙𝒙2, 0)
𝑢𝑢(𝒙𝒙3, 0)
𝑢𝑢(𝒙𝒙4, 0)

) = (
𝑒𝑒−100[(𝑥𝑥2−0.5)2+(𝑦𝑦2−0.5)2+(𝑧𝑧2−0.5)2]

𝑒𝑒−100[(𝑥𝑥3−0.5)2+(𝑦𝑦3−0.5)2+(𝑧𝑧3−0.5)2]

𝑒𝑒−100[(𝑥𝑥4−0.5)2+(𝑦𝑦4−0.5)2+(𝑧𝑧4−0.5)2]
) 

(
𝑢𝑢2̇
𝑢𝑢3̇
𝑢𝑢4̇

) = (
5.51992 −6.3766 0.84148
4.51934
−1389.3

−3.7515 −0.76045
131.456 51.6395

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) ,    𝑢𝑢(𝒙𝒙, 0) = (
0.006738
0.13534

2.54𝑒𝑒 − 13
)

𝐷𝐷1 =
1.4𝑚𝑚2𝑠𝑠−1, 𝐷𝐷2 = 1.7 𝑚𝑚2𝑠𝑠−1 𝐷𝐷3 = 1.5 𝑚𝑚2𝑠𝑠−1 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣2 = 1.0 𝑚𝑚𝑠𝑠−1

𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (1 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡,     𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡, 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) =
(𝑒𝑒−𝑐𝑐1𝑥𝑥 + 1 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡, 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡 𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 1)𝑒𝑒−10𝑡𝑡, 𝛾𝛾2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) =
(𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐2)𝑒𝑒−10𝑡𝑡 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 0) = 𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧

𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| < 1 𝐿𝐿1 = 𝐿𝐿2 = 1 𝑐𝑐1 = −𝑣𝑣1−√𝑣𝑣12+4𝑏𝑏𝐷𝐷1

2𝐷𝐷1
,   𝑐𝑐2 = −𝑣𝑣2−√𝑣𝑣22+4𝑏𝑏𝐷𝐷2

2𝐷𝐷2
, 𝑐𝑐3 = −𝑣𝑣3−√𝑣𝑣32+4𝑏𝑏𝐷𝐷3

2𝐷𝐷3
𝑏𝑏 = −10

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡 , (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.1]                        
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𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝑣𝑣2 (
𝜙𝜙2𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) 

+ 𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) − 𝐷𝐷1 (
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

= 𝐷𝐷2 (
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝐷𝐷3 (
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

𝑢𝑢(𝒙𝒙, 0) = (
𝑢𝑢(𝒙𝒙2, 0)
𝑢𝑢(𝒙𝒙3, 0)
𝑢𝑢(𝒙𝒙4, 0)

) = (
𝑒𝑒−𝑐𝑐1𝑥𝑥2 + 𝑒𝑒−𝑐𝑐2𝑦𝑦2 + 𝑒𝑒−𝑐𝑐3𝑧𝑧2

𝑒𝑒−𝑐𝑐1𝑥𝑥3 + 𝑒𝑒−𝑐𝑐2𝑦𝑦3 + 𝑒𝑒−𝑐𝑐3𝑧𝑧3

𝑒𝑒−𝑐𝑐1𝑥𝑥4 + 𝑒𝑒−𝑐𝑐2𝑦𝑦4 + 𝑒𝑒−𝑐𝑐3𝑦𝑦4
) 

(
𝑢𝑢2̇
𝑢𝑢3̇
𝑢𝑢4̇

) = (
13.3992 −32.9693 18.8566
23.8161

−1699.68
−39.867 15.3478
120.9464 69.9991

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) ,    𝑢𝑢(𝒙𝒙, 0) = (
3.7100
3.9133
4.5930

)

Table 1. Exact and MFMOL solutions of Example 1 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒 and 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑. 

𝒙𝒙 = (𝒙𝒙, 𝒚𝒚, 𝒛𝒛)  𝒕𝒕 𝒖𝒖𝒆𝒆𝒆𝒆(𝒙𝒙, 𝒕𝒕) MFMOL:  𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏(𝒙𝒙, 𝒕𝒕) 𝑹𝑹𝒆𝒆 = |𝒖𝒖𝒆𝒆𝒆𝒆−𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏|
|𝒖𝒖𝒆𝒆𝒆𝒆|   

 (0.3, 0.4, 0.5)

 (0.4, 0.5, 0.6)
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𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(0.8𝑡𝑡+0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(0.5−0.8𝑡𝑡)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2
0.01(4𝑡𝑡+1) )

𝛽𝛽2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(0.8𝑡𝑡+0.5)2
0.01(4𝑡𝑡+1) )

, 𝛾𝛾2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 1
4𝑡𝑡 + 1 𝑒𝑒

(−(𝑥𝑥−0.8𝑡𝑡−0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(0.5−0.8𝑡𝑡)2
0.01(4𝑡𝑡+1) )

 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 0) = 𝑒𝑒−100[(𝑥𝑥−0.5)2+(𝑦𝑦−0.5)2+(𝑧𝑧−0.5)2] 𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| = 80 𝐿𝐿1 = 𝐿𝐿2 = 𝐿𝐿3 = 1

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 1
4𝑡𝑡+1 𝑒𝑒(−(𝑥𝑥−0.8𝑡𝑡+0.5)2−(𝑦𝑦−0.8𝑡𝑡−0.5)2−(𝑧𝑧−0.8𝑡𝑡−0.5)2

0.01(4𝑡𝑡+1) ), (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.3]

𝑑𝑑𝑢𝑢𝑖𝑖
𝑑𝑑𝑑𝑑 + 𝑣𝑣1 (

𝜙𝜙2𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝑣𝑣2 (
𝜙𝜙2𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) 

+ 𝑣𝑣3 (
𝜙𝜙2𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) − 𝐷𝐷1 (
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙2) 𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙2)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙2𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙3𝑥𝑥𝑥𝑥(𝒙𝒙4)

𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙3)
𝜙𝜙4𝑥𝑥𝑥𝑥(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

= 𝐷𝐷2 (
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙2) 𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙2)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙2𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙3𝑦𝑦𝑦𝑦(𝒙𝒙4)

𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙3)
𝜙𝜙4𝑦𝑦𝑦𝑦(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) + 𝐷𝐷3 (
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙2) 𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙2)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙2𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙3𝑧𝑧𝑧𝑧(𝒙𝒙4)

𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙3)
𝜙𝜙4𝑧𝑧𝑧𝑧(𝒙𝒙4)

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

)

𝑢𝑢(𝒙𝒙, 0) = (
𝑢𝑢(𝒙𝒙2, 0)
𝑢𝑢(𝒙𝒙3, 0)
𝑢𝑢(𝒙𝒙4, 0)

) = (
𝑒𝑒−100[(𝑥𝑥2−0.5)2+(𝑦𝑦2−0.5)2+(𝑧𝑧2−0.5)2]

𝑒𝑒−100[(𝑥𝑥3−0.5)2+(𝑦𝑦3−0.5)2+(𝑧𝑧3−0.5)2]

𝑒𝑒−100[(𝑥𝑥4−0.5)2+(𝑦𝑦4−0.5)2+(𝑧𝑧4−0.5)2]
) 

(
𝑢𝑢2̇
𝑢𝑢3̇
𝑢𝑢4̇

) = (
5.51992 −6.3766 0.84148
4.51934
−1389.3

−3.7515 −0.76045
131.456 51.6395

) (
𝑢𝑢2
𝑢𝑢3
𝑢𝑢4

) ,    𝑢𝑢(𝒙𝒙, 0) = (
0.006738
0.13534

2.54𝑒𝑒 − 13
)

𝐷𝐷1 =
1.4𝑚𝑚2𝑠𝑠−1, 𝐷𝐷2 = 1.7 𝑚𝑚2𝑠𝑠−1 𝐷𝐷3 = 1.5 𝑚𝑚2𝑠𝑠−1 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣2 = 1.0 𝑚𝑚𝑠𝑠−1

𝛽𝛽1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (1 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡,     𝛾𝛾1(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡, 𝛽𝛽2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) =
(𝑒𝑒−𝑐𝑐1𝑥𝑥 + 1 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡, 𝛾𝛾2(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡 𝛽𝛽3(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 1)𝑒𝑒−10𝑡𝑡, 𝛾𝛾2(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) =
(𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐2)𝑒𝑒−10𝑡𝑡 𝜂𝜂(𝑥𝑥, 𝑦𝑦, 0) = 𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧

𝑃𝑃𝑃𝑃 = |𝑣𝑣|𝐿𝐿
|𝐷𝐷| < 1 𝐿𝐿1 = 𝐿𝐿2 = 1 𝑐𝑐1 = −𝑣𝑣1−√𝑣𝑣12+4𝑏𝑏𝐷𝐷1

2𝐷𝐷1
,   𝑐𝑐2 = −𝑣𝑣2−√𝑣𝑣22+4𝑏𝑏𝐷𝐷2

2𝐷𝐷2
, 𝑐𝑐3 = −𝑣𝑣3−√𝑣𝑣32+4𝑏𝑏𝐷𝐷3

2𝐷𝐷3
𝑏𝑏 = −10

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = (𝑒𝑒−𝑐𝑐1𝑥𝑥 + 𝑒𝑒−𝑐𝑐2𝑦𝑦 + 𝑒𝑒−𝑐𝑐3𝑧𝑧)𝑒𝑒−10𝑡𝑡 , (𝑥𝑥, 𝑦𝑦, 𝑡𝑡) ∈ [0, 1] × [0, 1] × [0, 1] × [0, 0.1]                        
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Table 1. Exact and MFMOL solutions of Example 1 for ∆t1=2×10-4 and T=10-3.

x=(x,y,z)  t uex (x,t) MFMOL:  unum (x,t)

12 
 

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
 

Table 3. Exact and MFMOL solutions of Example 3 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒 and 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑.  

Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟑𝟑, 𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

𝒙𝒙 = (𝒙𝒙, 𝒚𝒚, 𝒛𝒛)  𝒕𝒕 𝒖𝒖𝒆𝒆𝒆𝒆(𝒙𝒙, 𝒕𝒕) MFMOL:  𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏(𝒙𝒙, 𝒕𝒕) 𝑹𝑹𝒆𝒆 =
|𝒖𝒖𝒆𝒆𝒆𝒆 − 𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏|

|𝒖𝒖𝒆𝒆𝒆𝒆|  

(0.3, 0.4, 0.5)

(0.4, 0.5, 0.6)

 (0.3,0.4,0.5)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

2.0177
2.0181
2.0185
2.0189
2.0193
2.0197

2.0177
2.0172
2.0171
2.0173
2.0178
2.0187

0.000000
4.46E-04
6.94E-04
7.92E-04
7.43E-04
4.95E-04

(0.4,0.5,0.6)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

1.8257
1.8260
1.8264
1.8268
1.8271
1.8275

1.8257
1.8254
1.8254
1.8258
 1.8265
1.8276

0.000000
3.29E-04
5.48E-04
5.47E-04
4.38E-04
5.47E-05

Fig. 1. Flux-averaged solute concentrations of Example 1 for nodal point (x,y,z)=(0.3,0.4,0.5), 0≤t≤10-3 and ∆t2=10-4.

Fig. 2. Flux-averaged solute concentrations of Example 1 for nodal point (x,y,z)=(0.4,0.5,0.6), 0≤t≤10-3 and ∆t2=10-4.

t(s)

t(s)
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Table 2. Exact and MFMOL solutions of Example 2 for ∆t1=2×10-4, T=10-3. 

x=(x,y,z)  t uex (x,t) MFMOL:  unum (x,t)

12 
 

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
 

Table 3. Exact and MFMOL solutions of Example 3 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒 and 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑.  

Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟑𝟑, 𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

𝒙𝒙 = (𝒙𝒙, 𝒚𝒚, 𝒛𝒛)  𝒕𝒕 𝒖𝒖𝒆𝒆𝒆𝒆(𝒙𝒙, 𝒕𝒕) MFMOL:  𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏(𝒙𝒙, 𝒕𝒕) 𝑹𝑹𝒆𝒆 =
|𝒖𝒖𝒆𝒆𝒆𝒆 − 𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏|

|𝒖𝒖𝒆𝒆𝒆𝒆|  

(0.3, 0.4, 0.5)

(0.4, 0.5, 0.6)

(0.3,0.4,0.5)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

0.0067
0.0066
0.0064
0.0062
0.0061
0.0059

0.0067
0.0067
0.0066
0.0066
0.0066
0.0065

0.000000
1.52E-02
3.13E-02
6.46E-02
8.20E-02
1.02E-01

(0.4,0.5,0.6)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

0.1353
0.1354
0.1354
0.1355
0.1355
0.1356

0.1353
0.1352
0.1351
0.1351
0.1350
0.1349

0.000000
2.95E-03
2.22E-03
2.95E-03
3.69E-03
4.42E-03

      

Fig. 3. Flux-averaged solute concentrations of Example 2 for nodal point (x,y,z)=(0.3,0.4,0.5), 0≤t≤10-3 and ∆t2=10-4.

10 
 

∆𝑡𝑡
(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (𝑃𝑃𝑃𝑃 = 1)

𝑅𝑅𝑒𝑒
(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)

𝑡𝑡 = 10−3 ∆𝑡𝑡 = 10−4 

𝑇𝑇 = 0.

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
 

Table 2. Exact and MFMOL solutions of Example 2 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒, 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑.  

𝒙𝒙 = (𝑥𝑥, 𝑦𝑦, 𝑧𝑧)  𝑡𝑡 𝑢𝑢𝑒𝑒𝑒𝑒(𝒙𝒙, 𝑡𝑡) 𝑢𝑢𝑛𝑛𝑛𝑛𝑛𝑛(𝒙𝒙, 𝑡𝑡) 𝑅𝑅𝑒𝑒 =
|𝑢𝑢𝑒𝑒𝑒𝑒 − 𝑢𝑢𝑛𝑛𝑛𝑛𝑛𝑛|

|𝑢𝑢𝑒𝑒𝑒𝑒|

(0.3, 0.4, 0.5)

(0.4, 0.5, 0.6)

t(s)
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Fig. 4. Flux-averaged solute concentrations of Example 2 for nodal point (x,y,z)=(0.4,0.5,0.6), 0≤t≤10-3 and ∆t2=10-4.

Table 3. Exact and MFMOL solutions of Example 3 for ∆t1=2×10-4 and T=10-3.  

x=(x,y,z)  t uex (x,t) MFMOL:  unum (x,t)

12 
 

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
 

Table 3. Exact and MFMOL solutions of Example 3 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒 and 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑.  

Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟑𝟑, 𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

𝒙𝒙 = (𝒙𝒙, 𝒚𝒚, 𝒛𝒛)  𝒕𝒕 𝒖𝒖𝒆𝒆𝒆𝒆(𝒙𝒙, 𝒕𝒕) MFMOL:  𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏(𝒙𝒙, 𝒕𝒕) 𝑹𝑹𝒆𝒆 =
|𝒖𝒖𝒆𝒆𝒆𝒆 − 𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏|

|𝒖𝒖𝒆𝒆𝒆𝒆|  

(0.3, 0.4, 0.5)

(0.4, 0.5, 0.6)

(0.3,0.4,0.5)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

3.7100
3.7100
3.7099
3.7098
3.7097
3.7097

3.7100
3.7094
3.7045
3.6955
3.6821
3.6641

0.000000
1.62E-04
1.46E-03
3.85E-04
7.44E-03
1.23E-02

(0.4,0.5,0.6)

0.0000
0.0002
0.0004
0.0006
0.0008
0.001

3.9133
3.9131
3.9129
3.9128
3.9126
3.9125

3.9133
3.9122
3.9076
3.8996
3.8881
3.8731

0.000000
2.30E-04
1.35E-03
3.37E-03
6.26E-03
1.00E-02

12 
 

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
 

Table 3. Exact and MFMOL solutions of Example 3 for ∆𝒕𝒕 = 𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟒𝟒 and 𝑻𝑻 = 𝟏𝟏𝟏𝟏−𝟑𝟑.  

Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟑𝟑, 𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

𝒙𝒙 = (𝒙𝒙, 𝒚𝒚, 𝒛𝒛)  𝒕𝒕 𝒖𝒖𝒆𝒆𝒆𝒆(𝒙𝒙, 𝒕𝒕) MFMOL:  𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏(𝒙𝒙, 𝒕𝒕) 𝑹𝑹𝒆𝒆 =
|𝒖𝒖𝒆𝒆𝒆𝒆 − 𝒖𝒖𝒏𝒏𝒏𝒏𝒏𝒏|

|𝒖𝒖𝒆𝒆𝒆𝒆|  

(0.3, 0.4, 0.5)

(0.4, 0.5, 0.6)

11 
 

Fig. 3. Flux-averaged solute concentrations of Example 2 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟑𝟑, 𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

Fig. 4. Flux-averaged solute concentrations of Example 2 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓, 𝟎𝟎. 𝟔𝟔), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

∆𝑡𝑡
(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (𝑃𝑃𝑃𝑃 = 80)

𝑡𝑡 = 10−3 ∆𝑡𝑡 = 10−4 
𝑇𝑇 = 0.

t(s)
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Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (x,y,z)=(0.3,0.4,0.5), 0≤t≤10-3 and ∆t2=10-4.

Fig. 6. Flux-averaged solute concentrations of Example 3 for nodal point (x,y,z)=(0.4,0.5,0.6), 0≤t≤10-3 and ∆t2=10-4.

t(s)

t(s)
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13 
 

Fig. 6. Flux-averaged solute concentrations of Example 3 for nodal point (𝒙𝒙, 𝒚𝒚, 𝒛𝒛) = (𝟎𝟎. 𝟒𝟒, 𝟎𝟎. 𝟓𝟓, 𝟎𝟎. 𝟔𝟔), 𝟎𝟎 ≤ 𝒕𝒕 ≤
𝟏𝟏𝟏𝟏−𝟑𝟑 and ∆𝒕𝒕 = 𝟏𝟏𝟏𝟏−𝟒𝟒. 

∆𝑡𝑡 (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) (𝑃𝑃𝑃𝑃 < 1)

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)
𝑡𝑡 = 10−3 ∆𝑡𝑡 = 10−4 

𝑇𝑇 = 0.

(0.3, 0.4, 0.5) (0.4, 0.5, 0.6)

4. Conclusions 

𝑡𝑡 <
𝑇𝑇 ∆𝑡𝑡

14 
 

(𝑃𝑃𝑃𝑃 ≤ 1)
(𝑃𝑃𝑃𝑃 ≫ 1)

(𝑃𝑃𝑃𝑃 ≤ 1) (𝑃𝑃𝑃𝑃 ≫ 1)

𝑡𝑡 < 𝑇𝑇

𝑡𝑡 ≤ 𝑇𝑇

5. Study limitations               

𝑡𝑡 < 𝑇𝑇 ∆𝑡𝑡
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