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Abstract:

The study proposes a novel Meshfree Method of Lines (MFMOL) for the numerical solution of three-dimensional
advection-diffusion equations (ADEs) used to model solute transport in porous media. The method involves
discretising the spatial variables of the model equations using an Augmented Radial Basis Point Interpolation
Method (ARPIM), while the temporal variable remains continuous. This results in a system of ordinary differential
equations (ODEs), which is numerically integrated using the MATLAB ODE solver. In solving solute transport
in porous media, traditional mesh-based methods such as the Finite Element Method (FEM), Finite Difference
Method (FDM), and Finite Volume Method (FVM) often encounter challenges such as numerical instabilities
and distorted meshes caused by complex geometries and the presence of convective terms. To ensure accuracy,
various stabilisation techniques are required, which increase computational effort, cost, and setup time. To
overcome these challenges, the new MFMOL approach was proposed and applied in strong-form formulations
without stabilisation techniques to solve 3D advection-diffusion problems in homogeneous and isotropic porous
media. The results obtained were in good agreement with existing exact solutions, establishing the accuracy and
efficiency of the new method and demonstrating its advantages over traditional mesh-based methods for solving
problems involving complex geometries.

Keywords: advection-diffusion equations, Augmented Radial Basis Point Interpolation Method, complex domain,
Meshfree Method of Lines, porous media.
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1. Introduction

Over the years, the complexity of engineering and industrial problems modelled by partial differential equations
(PDEs) has attracted the use of numerical methods as alternatives to analytical solutions, owing to the various difficulties
often encountered in obtaining their closed-form solutions [1]. For most complex problems, the traditional mesh-based
methods - such as the Finite Element Method (FEM), the Boundary Element Method (BEM), the Finite Volume Method
(FVM), and the Finite Difference Method (FDM) are employed to obtain approximate solutions [1-4]. However, when
applied to problems with complex geometries such as porous media or those with convective terms, these methods
encounter several challenges, including numerical oscillations resulting in loss of accuracy, discontinuities and large
deformations of complex domains, and the need for massive computational effort to generate high-quality meshes, among
other substantial drawbacks [5].

The presence of convective terms in some models significantly affects the stability of most mesh-based numerical
schemes used to solve such problems. To ensure stabilised and acceptable computational results, a number of authors
have strengthened their numerical schemes with various stabilisation techniques. Consequently, this has required
additional computational effort and setup time. Some existing stabilisation techniques include anisotropic balancing
diffusion [6], characteristic time integration [6], Petrov-Galerkin function weighting [6], finite increment calculus [7, 8],
adaptive meshing, and operator splitting [9]. To overcome the challenges faced by mesh-based methods, meshless
methods - with greater adaptability for discontinuities and large deformations of complex geometries were developed
[4,10].
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In recent years, various authors have studied different meshfree methods, including the Radial Basis Function
Method of Lines [11], the Element-Free Galerkin (EFG) Method [12], the Hybrid Interpolating Meshless Method [1], the
Diffuse Element Method (DEM) [13], the Local Radial Point Interpolation Method (LRPIM) [14], the Improved Element-
Free Galerkin Method [15], Fracture Mapping [16], and the Meshless Method of Lines (MMOL) [17]. In the literature, it
has been established that the shape functions of some meshless methods face problems with the sparsity and bandwidth
of the banded interpolating matrix due to the large number of nodal points used for domain interpolation. Conversely,
compatibility (continuity) problems occur when fewer nodal points are used [5].

To overcome these difficulties, ].G. Wang, et al. (2002) [18] introduced a more efficient Radial Point Interpolation
Method (RPIM), whose compact support domain allows the use of fewer and arbitrarily scattered nodal points to
generate compatible and appropriate shape functions, resulting in a non-singular banded interpolating matrix provided
that specific shape parameters are avoided. However, RPIM lacks consistency, as it cannot reproduce linear polynomials,
which affects its stability despite its other excellent features. To resolve this consistency issue, ].G. Wang, et al. (2002)
[18] and M.].D. Powell (1992) [19] added polynomial terms to RPIM, producing the ARPIM, which has proven effective
for problems in solid and fluid mechanics [5].

The ADE forms the basis of many mathematical analyses of solute transport in porous media. The solutions of the
ADE also play key roles in many fields of applied science and engineering, including oil reservoir flow, thermal pollution
in river systems, groundwater and air pollutant transport, and the dispersion of dissolved salts in groundwater [20]. The
presence of convective terms - which necessitate stabilisation techniques and the complex geometry of pore structures
have made traditional mesh-based methods ineffective in achieving acceptable results for solute transport in porous
media [5]. Consequently, meshfree methods have emerged as alternatives. Several authors have demonstrated the use of
meshfree methods in various forms for solute transport. H.T. Hui (2023) [21] solved advection-dominated problems
using a stabilised and integrated meshfree method. P. Sharad, et al. (2023) [22] employed a meshfree method based on
global collocation radial basis functions for simulating groundwater solute transport. Z. Yuhui, et al. (2024) [23]
developed a local meshless upwind backward substitution method (Upwind-BSM) for solving convection-dominated
diffusion problems, where an upwind scheme was introduced to mitigate numerical oscillations arising from the model’s
convective (advective) terms. Meshfree methods in strong-form formulations have been established as direct, fast, and
efficient for fluid dynamics problems, though less stable compared with weak-form formulations, which are more stable
but require higher computational effort, cost, and time [5, 24].

In this paper, a new meshfree method, MFMOL, in strong-form formulation and without any stabilisation technique
for convective terms, is proposed to solve 3D solute transport in non-reactive, source-free, homogeneous, and isotropic
porous media. The new method uses a stable ARPIM to discretise the spatial variables of the models while keeping the
time variable continuous, resulting in a system of ODEs subject to appropriate initial conditions. The resulting system of
ODEs is numerically integrated using MATLAB ode45 solvers. In addition, the proposed method possesses the Kronecker
delta function property, allowing for the easy imposition of essential boundary conditions. To validate the computational
accuracy and efficiency of the new method, it is applied to solve 3D diffusion-controlled and advection-controlled solute
transport models in porous media. The results obtained are in good agreement with existing exact solutions, while
requiring less computational effort, reduced costs, and minimal setup time compared with mesh-based methods, which
demand greater computational resources, higher costs, and longer setup times for mesh generation. This makes the new
method an efficient and accurate alternative to mesh-based methods and others that rely on stabilisation techniques for
solving 3D solute transport problems in non-reactive, source-free, homogeneous, and isotropic porous media.

2. Methods

The governing equation describing three-dimensional solute transport in a non-reactive, source-free, homogeneous,
and isotropic porous medium is given by the three-dimensional ADE [1]:

ou(x,y,z,t) ou(x,y,z,t) ou(x,y,z,t) du(xy.zt) %u(x,y,zt) 2%u(x,y,zt) 9%u(x,y,zt)
o + v o + v, 3y + v o =D, P + D, 2y2 + D, 2y? (D
u(x'yﬁzl 0) = n(x,y,Z) (x:y,z) S [OIL].] X [OILZ] X [05L3] (2)
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U(O,% Z, t) = 31(}"2: t),u(Lp}’x Z, t) = Y1(}’:Z: t), (y!Z' t) S [0! LZ] X [0: L3] X [0: T] (3)
u(x,0,z,t) = By(x,z,t),ulx, Ly, z, t) = y,(x,2,t), (x,21t)€[0,L]%x[0,Ls] x[0,T] 4)
u(x’y' 0' t) = ,33(95'}’, t)' u(x'y, L3) t) = V3(x»y' t), (X,y, t) € [Or Ll] X [0! LZ] X [0! T] (5)

where, u(x,y,zt) [ML3] is the flux-averaged or flowing solute concentration at position (x,y,z)and time ¢,
v, [LT™Y], v,[LT™'] and v3[LT~!] are the average linear velocities in the direction of the x,y and z coordinates,
respectively, D;[L*T™1], D,[L?T~'] and D;[L*T~!] are the dispersion coefficients in the direction of the x,y, and z
coordinates, t[T] is the time, x[L], y[L] and z[L] are the spatial coordinates, and n(x, y, z), 8, (¥, z, t), B-(x, z, t), B3 (x, y, t),
y1(y,z,t) v,(x,z,t) and y3(x,y,t) are known functions. The Meshfree Method of Lines (MFMOL) for the solution of
equations (1)-(5) is presented as follows: Let Q2 =[0,L;] x [0,L,] X [0,L3;] be the porous domain containing the
arbitrarily distributed nodal points [x;]i=; where x; = (x;,¥;,2;),i = 2,3..n—1, are the interior nodes and x; =
(x;,¥:,2:),i = 1 and n are the boundary nodes. For a field variable u(x, t) defined in the domain Q3, the augmented Radial
Basis Functions Point Interpolation Approximation (ARPIM) at the star node x, = (X, Yo, Z,) € Q3 takes the form [5]:

U(xe t) = T (x)u =X pi(x)u;  a=12,..n (6)
= [¢1(xa) ¢)2(xa) ¢k(xa) d)n(xa)] [ul Uy Ug ---un]T (7)
Where, d)k(xa) = ?:1 Ri (xa)Aik + Zjnzl p} (xa)Bjk' a, k = 1,2, - (8)

is the shape function for the kth node in the local support domain of x,. Variables n and m are, respectively, the number
of nodes and the polynomial basis in the domain of the problem. u = [u; u, uy, ...u,]” is a vector comprised of all field
nodal variables at the n local nodes. The shape function ¢, (x,) for the kth node in the local support domain of x, is
expressed in non-singular radial basis function point interpolation (RPIM) terms Y, R; (x,)A;,, augmented by
polynomial basis terms }.j2; p; (x¢)Bji, which restores the consistency and stability of the RPIM terms. Ay, and By, are

the coefficients of the radial basis R;(x,) and the polynomial basis p;(x,), respectively [5].

In explicit form, equation (8) is written as:

Ri(r11) Ry(r12) - Ry (1) A p1(x1) p2(x1) - P (x1) By

br(x,) = R1(7:21) Rz(rzz) Rn(TZn) A:zk + p1(:xz) Pz(:xz) Pm(:xz) B:zk 9)
Ry () Ro(ra) Ru(ran)) \Ame/  \py() P2a) = pn(0)/ \Bun

Or simply: ¢ (x) = RAy + PBj,,i =1,2,..nandj = 1,2,..m (10)

where, Ri(rkj) is the multiquadric radial basis function, with optimal shape parameters: ¢ = 1.42 and q¢ = 1.03 [25] given
as:

Ri(ri) = (ry; + &) = (ry; + 1422)"" kj=12,..n (11)

The radial distance r; of a fixed star node x; = (xy, Y, Z) from other nodes x; = (xj, Vi Zj), arbitrarily distributed
in the complex domain Q3 and its boundary, is expressed by the Euclidean norm as [5]:

i = |E — B = \/(xk =)+ =) + (2= 2)" ) B = Giovioz), B = (3,97,) (12)

The moment matrix P for the polynomial basis p;(x) = [p;(x) p,(x) p3(x) ... pm(x)], where m is the number of
monomials in p;(x), is expressed as [5]:
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P1(x1) p2(x1) - P (x1) 1T x »n Z - Tyt 1]
p= P1(:x2) Pz(:xz) Pm(xz) — 1 x:2 y:z Zz - x'ﬁn 13’? 1Z£n ! (13)
P1(n) P2(xn) = P (xn) 1 X% Yo Zn = X7 lyri" tzp !

and the constant matrices A;, and By, are the (i, k)th and (j, k)th elements of matrices K, and K}, respectively, given
as [5]:

K, =R !'—R7'PK, and kK, = [PTR™*P]"1PTR™1 (14)

Inserting equation (6) into equations (1)-(5) gives the strong form formulations of the model equations as:

dul

+ v, 2 (37 1qb(x,7,>u)+vza (Sfr Be(aduy) + v3 2 (N i) = Dy s (Nl (o)) +

D, m (Z?=1 ¢i(x)u;) + D; Bz_z iz ¢i(xu) (15)
UKy Yar Zay 0) = N(Xe Ve Z) @ =1,2,..1 (16)
u(O, Y1, 21, tl) = ?:1 d)i (xl) u; = .81(3/1' Z, tl)' u(Lll Yo Zn, tn) = 11'1:1 ¢i (xn) Ui =n (yn' Zn, T) (17)
u(xl! 0! Zq, tl) = ?:1 d)i(xl) u; = ﬁZ (xll Z1 tl)' u(xn, LZ' Zn, tn) = Z?:l ¢i(xn) Ui =72 (xn' Zn, T) (18)
u(xll V1, 01 tl) = Z?:l d)i(xl) u; = ﬁ3 (xll Y1, tl)! u(xnl Yns L3, tn) = Z?:l ¢i (xn) Ui =7Vs (xnl Yo T) (19)
Using equations (6) and (8) in equation (15) and equations (17)-(19) gives:
d 1 a L\ ta a L\ ta a a 6 15 a a a
_u+ (?1R(x)Alk+Z p(:)Bjk)u"‘Vz(?1R(x)ALk+Z p(;)Bjk)u ‘H’s( ?1R(;)Alk+
opi(xg 92 p %pi(xg 92 a 8%pi(xa
P P By ) u =Dy (Shy T A B S Bu)u = Dy (Si T A+ B TR By u+
92 R( @) 92 i(xq)
Dy (T, 555 Ay + 3, B By Yu (20)
91] _ [U(O;y1'z1:t1) _ [¢1(x1) P2(x1) o Pp(xy) u= B1(y1, 21, 1) (21)
In a(Llryn!vaT) ¢1(xn) ¢2(xn) d)n(xn) )/1(yn’ Zn» T)
h1] — [ﬁ(xlrotzlrtl)] _ P1(x1)  Pa(xy) .. ¢n(x1) _ [B2(x1, 21, t1) (22)
ﬁ(xnv LZ'Zn' T) ¢1(xn) ¢2(xn) ¢n(xn) yz(xnvznv T)
k1] _ [ﬁ(xl,yl,(), t1)] _ [¢1(x1) P2(x) . ¢n(x1)] u= [.33(X1'Y1:t1) (23)
a(xnl J/n: LZ'T) ¢1(xn) ¢2(xn) d)n(xn) y3(xnrynl T)
UK, Yo Zae 0) = N (X Yaor Za) (24)
where, ¢;(xy) = ¢;(Xa) Var Za), U= [Ug Uy .. uy,]T, u; = ui(x,y,2,t) anda,i = 1,2,..n (25)

Using equations (6)-(9) in equation (20) gives the space variable approximation for the field variable u(x, t) with
the Augmented Radial Basis Function Point Interpolation Method (ARPIM) approximation as:

Uy D1x(x1) Pox(x1) - Ppx(x1) Uy 1y (X1) P2y (X1) .. Py (X1) Uy
uEZ = —v, ¢1xe2) ¢2x.(x2) ¢nx‘(x2) u:Z —v ¢1y.(x2) ¢2y.(x2) ¢ny'(x2) u:Z
Up ¢1x.(xn) ¢2x.(xn) ¢nx‘(xn) Un k(ply.(xn) ¢2y.(xn) ¢ny'(xn) ) Un
¢1z(x1) ¢Zz(x1) ¢nz(x1) Uy ¢1xx(x1) ¢2xx(x1) ¢nxx(x1) Uy
—v D12(x2) P2,(x2) v Prz(x2) u.2 +D Drax(X2) Poxx(x2) " Prx (%2) u.2
3 : : : : i 1 : : : : H
¢1z(xn) ¢Zz(xn) ¢nz(xn) Un ¢1xx(xn) ¢2xx(xn) ¢nxx(xn) Un

¢1yy(x1) ¢2yy(x1) ¢nyy(x1) Uy ¢1zz(x1) ¢Zzz(x1) ¢nzz(x1) Uy

(26)

¢1yy(x2) ¢2yy(x2) ¢nyy(x2) u.z + D, ¢1zz'(x2) ¢Zzz.(x2) ¢nzz‘(x2) u'z
k ) Un ¢1zz‘(xn) ¢222.(xn) ¢nzz‘(xn) Un

¢1yy(xn) ¢)2yy(xn) ¢nyy(xn)
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where, U, = % and i =1,2,..n
The shape function of MFMOL satisfies the Kronecker delta function property:

(1, i=j, ij=123,..n
¢i(xf)‘{0, i), i,j=123 .,n (27)

Using (27) in the boundary conditions (21)-(23) gives the boundary nodal variables u,(x,y, z,t) and u,(x,y,z,T)
for the respective space coordinates x, y and z, which are expressed as:

[.91] _ [0, y1, 20, t) ] _ [w(0,y1, 21,81 )] _ [Bi(V1, 21, t)] 28)
In -ﬁ(l‘l' YnrZn, T)— L Up (Ll' YnrZn, T) LY1 (an Zny T) -
hl] _ [ Ti(x1,0,2,t1) ] _ _u1(x1,0,Z1,t1)] _ B2 (%1, 21, 1)) (29)
hn -ﬁ(xn' L2' Zn, T)— _un(xn, LZI Zny T) LY 2 (xnl Zn, T)-
k1] _ [T(x1,¥1,0,81) ] _ [y (x1,1,0,8) _ 83 (x1, Y1, t1)] (30)
kn .ﬁ(xnﬁ Vi L3' T)- [ Un (xn' Yno L3' T) LV3 (xn' Yno T)<

Inserting the boundary conditions (28)-(30) into equation (26) gives:

U, D1 (X)) Pox(x1) = DX\ /By 1y (X1) P2y (x1) o Pny(x1)\ /B,
u:z = -y, ¢1x.(x2) ¢2x.(x2) ¢nx.(x2) u.2 —v, ¢1y(x2) ¢2y(x2) ¢ny(x2) u.z
Un ¢1x.(xn) ¢2x.(xn) ¢nx'(xn) " ¢1y.(xn) ¢2y.(xn) ¢ny.(xn) V2
¢1Z(x1) ¢22(x1) ¢nz(x1) ,83 ¢1xx(x1) ¢2xx(x1) ¢nxx(x1) .81
v $12(x2) @2z(x2) = Pna(x2) || U2 +D D1 (X2) Porx (X2) P (x2) | [ U2
3 : : : : : 1 : : : : :
¢lz(xn) ¢Zz(xn) = Pns (xn) V3 ¢1xx(xn) ¢2xx(xn) ¢nxx(xn) V1
¢1yy(x1) ¢2yy(x1) ¢nyy(x1) B ¢lzz(x1) ¢Zzz(x1) d)nzz(xl) B3
+D, ¢1yy:(x2) ¢2yy:(x2) ¢nyy:(x2) uz + D, ¢1zz:(x2) ¢Zzz:(x2) ¢nzz:(x2) uz (31)
¢1yy(xn) ¢2yy(xn) ¢nyy(xn) V2 B122(X0) B227(X0) = Przz () V3

WherE; B]_ = Bl(yl,ZL tl)l BZ = Bz(xp Z1, tl)’ ﬁ3 = Bz(xl,yl, tl)l yl = ]/1(ynﬂzn' T)' ‘]/2 = ]/Z(xn‘ Zn, T)_
Y3 = y3(xn!yTu T) and = 1, 2, . n

Considering the specified flux-averaged concentrations (u; = f;,u, = y1), (U1 = B, uy, =v,) and (uy = f3,u, =
¥3) on the boundary nodes x; = (x,y4,2,t;) and x,, = (x,,, ¥, Zn, T) of the space coordinates x, y and z, respectively, in
(31) and partitioning the (n X n) global matrix equation in (31) leads to a (n — 2) X (n — 2) submatrix equation for the
unknown field nodal variables: u,, us, ... u,_; for the flux-averaged concentrations atinterior nodes x; = (x;,y¥;,z;, t;), i =
2,3, ...,n— 1, which can be expressed as [26]:

U:Z ¢2x(x2) ¢3x(x2) ¢sx(x2) U ¢2y(x2) ¢3y(x2) d)sy(xz) U,
u:3 = —v, ¢2x.(x3) ¢3x.(x3) ¢sx§x3) u:3 — v, ¢2y'(x3) ¢3y.(x3) ¢sy'(x3) u:3
U ¢2x.(xs) ¢3x.(xs) ¢sx.(xs) Us ¢2y.(xs) ¢3y.(xs) ¢Sy.(xs) Us
¢Zz(x2) ¢32(x2) ¢sz(x2) Uz ¢2xx(x2) ¢3xx(x2) ¢sxx(x2) Uz

—v $22(x3) P3,(x3) $s2(x3) Us +D Baxx (X2) Paxx(x3) Gsxx(x3) || Us

3 : : : : : 1 : : : : :

¢Zz(xs) ¢3z(xs) ¢sz(xs) Us ¢2xx(xs) ¢3xx(xs) ¢sxx(xs) Us
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¢2yy(x2) ¢3yy(x2) ¢5yy(x2) Up ¢Zzz(x2) ¢3zz(x2) ¢szz(x2) U,
+D, ¢2yy.(x2) ¢3yy.(x3) ¢Syy.(x3) u:3 +Ds ¢Zzz'(x2) ¢3zz'(x3) ¢szz'(x3) u:3 (32)
\(pzy);(xs) ¢3y3;(xs) ¢syy‘(xs)) Us B222(Xs) B375(x5)  Pszp(xs) Us

where, s =n — 1.
The initial conditions corresponding to equation (32) using equation (24) are expressed as:
UK Var 2y 0) = N(X gy Ve Zq) @ =2,3..s =n—1 (33)

Then, the system of ODEs in (32) with the initial conditions (33) is numerically integrated using the MATLAB ode45
solver to obtain the computational values for the unknown flux-averaged concentrations u,, us, ... U,_1.

3. Results and discussion

The new method, the MFMOL, was applied to solve three-dimensional ADE models for solute transport in a non-
reactive, source-free, homogeneous, and isotropic porous medium. In analysing solute transport using ADEs, the Peclet
number (Pe), being a flow parameter, plays a significant role in determining stability of the flow models. When Pe > 1,
the flow is advection-controlled where the advection time scale is greater than the diffusion time scale and the numerical
oscillation or instability is high due to advection (convection) dominance. Conversely, Pe «< 1 indicates diffusion-
controlled flow where the advection time scale is lower than the diffusion time scale and the numerical oscillation is
reduced due to diffusion dominance. In all the computations, the discretisations or representations of the problems
domain Q3 =[0,1] X [0,1] X [0,1] are done using five coordinates: Q3 = {(0,0,0), (0.3,0.4,0.5), (0.4,0.5, 0.6),

(0.7,0.8,0.9),(1,1,1)} distributed in the domains with similar extreme points (0,0,0) and (1,1,1) located on the
boundaries of each surface and its corresponding mirror surface. The coordinates (0.3,0.4,0.5),(0.4,0.5,0.6), and
(0.7,0.8,0.9) are located inside the domain. Using equation (12), twenty-five (25) radial distances r,; were generated to
obtain the multiquadric radial basis functions Ri(rkj) given by equation (11). Substituting equation (11) into equation
(10) gives the shape function ¢, (x,) for the kth node in the local support domain of x, (j, k,a = 1,2, ...,5). Thus, the
problem domain Q3 is represented or discretised with twenty-five (25) shape functions generated from a small number
of arbitrarily distributed nodal points in the domains and their boundaries.

Example 1: Consider the diffusion-controlled solute transport equation (1) with dispersion coefficients D; = D, =
D; = 0.5 m? and the flow-average linear velocities v; = v, = v; = 0.5 ms™~1. The initial and boundary conditions are:
nx,y,z0)=e*+eV+e % Bi(y,zt) =1 +e?+eDel, y1(y,z,t) =(e P +e™¥ +eDet, Brlx,z,t)=(™+
1+ e 9el, yo(x,z,t) = (e + et +e%)et,

Bs(x,y,t) = (e +e™¥ +1)et, y3(x,y,t) = (e + e + e~ 1)e’. The flow Peclet number: Pe = % =1, where

L, = L, = L3 = 1. The exact solution of the model is given as [16]:
u(x,y,z,t) =(e*+e ¥ +e9et, (x,y,2zt) €[0,1] x[0,1] x [0,1] x [0,0.1] (34)
Following the procedures in equations (6)-(33) gives the MFMOL approximation for the system of ODEs:

%4‘”1 Gax(X3)  P3x(x3)  Pax(x3) [(Us | + vy day(x3)  P3y(x3)  Pay(x3) || Us
bt ¢2y(x4) ¢3y(x4) ¢4y(x4) Ua

G2x(X2)  B3x(x2)  Pax(xz) <u2> b2y (x2) B3y (x2)  Pay(x2) <u2>
Gox(X4)  GP3x(xs)  Bax(xs)

+v3| $2,(x3) Pz (x3)  Pay(x3) || Us Doxx(X3)  Paxx(X3)  Paxn(x3) |{Us

d)ZZ(xZ) ¢3z(x2) ¢4Z(x2) (u2> ¢2xx(x2) ¢3xx(x2) ¢4—xx(x2) Uy
(=)
Gaz(x0) D3, (xy)  Pay(xy)) U4 Goxx(X2)  Paax(Xy)  Pary(xy)/) U4
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¢2yy(x2) ¢3yy(x2) ¢4yy(x2) Uy ¢Zzz(x2) ¢3zz(x2) ¢4zz(x2) Uy
= DZ ¢2yy(x3) ¢3yy(x3) ¢4yy(x3) <u3) + D3 ¢222(x3) ¢3zz(x3) ¢4zz(x3) (u3> (35)
¢2yy(x4) ¢3yy(x4) ¢4yy(x4-) Ua ¢222(x4) ¢3zz(x4-) ¢4zz(x4-) g
subject to the initial conditions:
u(x,,0) e%2 £ o7V2 4 o~ %2
u(x,0) = u(x;,0) | = ( e fe73 4+ e'z3> (36)
u(x,,0) e eVt +e7h
The computational outputs of equations (35)-(36) give:
Uz —1.2102  —4.3895 5.376900 \ /%2 2.0177
Uz | = < 3.30225  —9.4207 5.875600 )<u3),u(x, 0) = (1.8257) (37)
Uy 880.7240 —96.6463 —30.4823/ \Us4 1.3525

Example 2: Consider the advection-controlled solute transport equation (1) with the dispersion coefficients D; =
D, = D; = 0.01 m?s™1, the flow average linear velocities v; = v, = v; = 0.8 ms™?, The boundary and initial conditions
are:

1 (Hemwstoescosieusest) g (-Gs-0sy’-Goososi-Goom-osy)
A2t =ge MO0 =e
1 (—(x—0.8t—0.5)2—(0.8t+0.5)2—(z—0.8t—0.5)2) <—(x—0.8t—0.5)2—(0.5—0.8t)2—(z—0.8t—0.5)2)
Bo(x,2,t) = yrn 1e 0.01(4t+1) ) Vo(x,2,t) = 4t—+1€ 0.01(4t+1)
1 <—(x—0.8t—0.5)2—(y—0.8t—0.5)2—(0.8t+0.5)2> 1 <—(x—0.8t—0.5)2—(y—0.8t—0.5)2—(0.5—0.8t)2>
B (x,y,t) = me 0.01(4t+1) 500y, t) = me 0.01(4t+1)
and 1(x,y,z,0) = e 100[(x-085)*+(-05)*+z-05)] The flow Peclet number: Pe = % =80, where L, = L, = L, = 1. The

exact solution of the model is given as [24]:

—(x=0.8t+0.5)2—(y—0.8t-0.5)%2 —(2-0.8t—0.5)2

u(x,y, z,t) = Le( 0.01(4t+1) ), (x,y,t) €[0,1] x [0,1] x [0,1] x [0,0.3] (38)

4t+1

The procedures in equations (6)-(33) give the MFMOL approximation system of ODEs:

o Th Box(X3)  B3x(3)  Pax(x3) (U3 )+ vy | oy (X3)  Pay(x3)  Pay(x3)
Gox(Xs)  Pax(Xa)  Paplny)) 4 B2y (xs) B3y (xs)  Pay(xs)

$22(X3)  P3,(X5)  Paz(xy) (uz) Porx(X2)  P3ax(X2)  Paser (x2) (uz)

d ¢2x(x2) ¢3x(x2) ¢4x(x2) <u2) ¢2y(x2) ¢3y(x2) ¢4y(x2) <u2
u; u3)
Uy

+v3| h2z(x3)  h3z(x3)  har(x3) |(Us | = Dy Poxx(X3)  Paxa(X3)  Parn(3) || Us
G22(Xs)  D3,(Xs)  Pay(x,)) \Ue Do (X)) Paxx(Xs)  Pan(y)) U

=Dy | bayy(x3)  B3yy(X3)  Payy(x3) |(Us |+ D3| Bozz(3)  P3z2(x3)  Pags(x3) || Us
Boyy(Xa)  Payy(Xs)  Payy(xs) Ua G2z(Xa)  B3s(Xa)  Pazr(x,)) M4

¢2yy(x2) ¢3yy(x2) ¢4yy(x2) <u2> ¢2zz(x2) $322(x2)  Pazz(x) uz)
(39)
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subject to the initial conditions:

u(x,,0) 2~100[(x2=0.5)2+(y2~0.5)%+(22~0.5)?]
u(x,0) = | u(xz,0) | =| g=100[(x3-0.5)?+(y3-0.5)*+(23-0.5)?] (40)
u(x,, 0) o ~100[(x4=0.5)2+(y4=0.5)%+(24-0.5)?]

The computational outputs of equations (39)-(40) give:

Uy 5.51992 —-6.3766 0.84148 Uz 0.006738
<u'3> = (4.51934 —3.7515 —0.76045) <u3>, u(x,0) = < 0.13534 ) (41)
Uy —1389.3 131.456 51.6395 Uy 2.54¢ — 13

Example 3: Consider the diffusion-controlled solute transport equation (1) with dispersion coefficients D; =
1.4m?s~1, D, = 1.7 m?s™ %, D; = 1.5 m?s~! and flow-average linear velocities v; = v, = v, = 1.0 ms~1. The boundary
and initial conditions are:

Bi1(y,z,t) = (1 + e™2Y + e732)e 10y, (y,z,t) = (671 + e~ %2Y + e73%)e™ 10 B, (x,2,t) =
(e + 1+ e 3%)e 10 y.(x,z,t) = (™% + e 2 + e73%)e 10 B.(x,y,t) = (e”¥ + 7Y + 1)e~ 1%, y,(x,y,t) =

(e7a% + g7V + ¢7¢2)e 710t y(x,y,0) = e 1% + =2 4 ¢7%3% The flow Peclet number:

|v|L —v1—/v12+4bD —Vy—/V22+4bD —v3—/v32+4bD
Pe = o < 1,wherel, =L, =1.¢; = %, c, =—2 2; 203 =—2 2; 2ph = —10. The exact
1 2 3

solution of the model is given as [16]:
u(x! y’ z, t) = (e—C1X + e—Czy + e_C3Z)e_10t ) (xl y’ t) € [0’ 1] X [O, 1] X [Ol 1] X [0, 01] (42)

The procedures in equations (6)-(33) give the MFMOL approximation for the system of ODEs:

du;

— 4+ vy | Pox(x3)  Pax(x3)  Par(x3)

— Us | + v, ¢2y(x3) ¢3y(x3) ¢4y(x3) Us

Dox (X)) P3x(xs)  Pux(xy)/ G2y (x4) B3y (xs)  Pay(xs) ta
G2,(x2)  P3(x2)  Bas(xr) (uz) Doxex (X2)  Parx(X2)  Paxx(xz) (uz)
- D,

¢2x(x2) ¢3x(x2) ¢4x(x2) (uz) ¢2y(x2) ¢3y(x2) ¢4y(x2) <u_2>

+vs| Paz(x3) Pz (x3)  Par(x3) || Us D2xx(X3)  Paxx(X3)  Paxx(x3) || Us
D2,(x4)  P3(xy)  Pa(x,)) U4 Doxx (K1) Paxx(Xs)  Parn(xy)/) U4

=D2 ¢2yy(x3) ¢3yy(x3) ¢4yy(x3) Us ¢2zz(x3) ¢3zz(x3) ¢4zz(x3) Us
¢2yy(x4) ¢)3yy(x4) ¢4yy(x4-) Us ¢Zzz(x4) ¢3zz(x4) ¢4zz(x4) Us

¢23’3’(x2) ¢33’3’(x2) ¢43’3’(x2) Uy G222(X2)  P3z2(x2)  Daz(x2)\ u,
( >+93 ( ) (43)

subject to the initial conditions:

u(x,0) = u(x3,0) | =| e 1% + 7 2Y3 4 ¢7C3%3
U(X4_, 0)

u(x,,0) e—C1%2 4 g=C2¥2 4 p—C3Z2
( ) (44)

e C1%X4 | o=C2V4 | o=C3Va

The computational outputs of equations (43)-(44) give:
Uy 13.3992 —32.9693 18.8566\ (U2 3.7100
Uz | = < 23.8161 —39.867 15.3478 ><u3>, u(x,0) = (3.9133) (45)
Uy —1699.68 120.9464 69.9991/ \U4 4.5930

Then equations (37), (41), and (45) are numerically integrated via the MATLAB ode45 solver. The computational
results of the new method, MFMOL, the exact solutions, and the relative errors for Examples 1-3 are presented in Tables
1-3, respectively. The graphical displays for comparing results of MFMOL and the exact solutions of Examples 1-3 are
shown in Figs. 1-6.
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Table 1. Exact and MFMOL solutions of Example 1 for At,=2x10* and T=10"3.

|uex - unuml

x=(x,y,z) t u, (x1) MFMOL: u_  (x%) R, =
[yl

0.0000 2.0177 2.0177 0.000000
0.0002 2.0181 2.0172 4.46E-04
0.0004 2.0185 2.0171 6.94E-04

(Dl 02) 0.0006 2.0189 2.0173 7.92E-04
0.0008 2.0193 2.0178 7.43E-04
0.001 2.0197 2.0187 4.95E-04
0.0000 1.8257 1.8257 0.000000
0.0002 1.8260 1.8254 3.29E-04
0.0004 1.8264 1.8254 5.48E-04

Ut 0.0006 1.8268 1.8258 5.47E-04
0.0008 1.8271 1.8265 4.38E-04
0.001 1.8275 1.8276 5.47E-05

Three-Dimensional Advection Diffusion Equation [ADE)
T T T T T T

T
MFMOL
- * Exact
4

ta
ta
|

Tt

uf0.3,0.4,05tkgm3

0.3 0.4 0.5 0.6 Q.7 [+ X3 [+ %

t(s)

Fig. 1. Flux-averaged solute concentrations of Example 1 for nodal point (x,y,z)=(0.3,0.4,0.5), 0sts10- and At,=10*.

i

a i 0.2

Three-Dimensional Advection Diffusion Equation (ADE)

3 T T T T T T T T
MFMCL
#* Exact
28 —
26 —
24 -
o
' 22 —
2
=
R —
=
Ci,
~t *
o 18 + E
=
16 —
14 —
12 —
4 1 1 1 1 I I I I I
0 01 02 03 04 05 0.6 07 08 089 1
t(s) =103

Fig. 2. Flux-averaged solute concentrations of Example 1 for nodal point (x,y,z)=(0.4,0.5,0.6), 0sts10- and At,=10*.

JUNE 2026 ¢ VOLUME 68 NUMBER 2 RUGER ourli;l Oi' Science,
Technology and Engineering




m MATHEMATICS AND COMPUTER SCIENCE | MATHEMATICS; COMPUTER SCIENCE; COMPUTATIONAL SCIENCE

In Table 1, the numerical results for the spread of flux-averaged solute (flowing or effluent) concentrations obtained
using the proposed MFMOL method were validated against the existing exact solutions at varied temporal step sizes At
and two fixed nodal positions (x,y, z) for the diffusion-dominated flow (Pe = 1) in a porous medium. The proposed
method produced highly accurate approximations with negligible oscillations. This is evident in the computed relative
errors R, for the spread of flux-averaged solute concentration between the selected interior star nodal points
(0.3,0.4,0.5) and (0.4, 0.5, 0.6) and the other nodal points within the domain of influence over the specified time interval.
The computations over the simulation time ¢t = 1073 among other intervals and time steps At = 10™* yielded higher
precision and accurately captured the logical flow behaviour, while accuracy gradually diminished toward the final
simulation time T = 0.1. The selection of the optimal simulation time or interval depends on the nature of the model and
its subsidiary conditions. The corresponding graphical representations of the numerical values for the spread of flux-
averaged solute concentrations from the nodal points (0.3,0.4,0.5) and (0.4, 0.5, 0.6) to the other parts of the domain
over the specified time in Table 1 are shown in Fig. 1 and Fig. 2.

Table 2. Exact and MFMOL solutions of Example 2 for At =2x10*, T=10".

_ |uex B unuml

x=(X,y,Z) t u, (xt) MFMOL: u_  (xt) R, =
[Uexl

0.0000 0.0067 0.0067 0.000000
0.0002 0.0066 0.0067 1.52E-02
0.0004 0.0064 0.0066 3.13E-02

(0.3,0.4,0.5) 0.0006 0.0062 0.0066 6.46E-02
0.0008 0.0061 0.0066 8.20E-02
0.001 0.0059 0.0065 1.02E-01
0.0000 0.1353 0.1353 0.000000
0.0002 0.1354 0.1352 2.95E-03
0.0004 0.1354 0.1351 2.22E-03

(0.4,0.5,0.6) 0.0006 0.1355 0.1351 2.95E-03
0.0008 0.1355 0.1350 3.69E-03
0.001 0.1356 0.1349 4.42E-03

Three-Dimensional Advection Diffusion Equation (ADE), Pe = 80

0.03 | I T \ T
MFMOL
#  Exact

0.025 B

0.02 - B
~”
£
om
g
«

S 0.015 B
b
f)
=
[}
=]

0.01 - —

- R — % ok _ - _ _ —_* __¥ ¥
0.005 - B
| | | \ L l | 1 I
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
t(s) %1072

Fig. 3. Flux-averaged solute concentrations of Example 2 for nodal point (x,y,z)=(0.3,0.4,0.5), 0sts10- and At,=10*.
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0 Three-Dimensional Advection Diffusion Equation (ADE), Pe = 80
[ I | | [

— — —MFMOL
L * Exact

018 — —
0.16 — -

0.14 |- - —

01 =

u(0.4,0.5,06,t) kgm 3

0.02 - -1

1 I l | | L
0 01 02 03 0.4 05 06 07 08 09 1
t(s) x10°3

Fig. 4. Flux-averaged solute concentrations of Example 2 for nodal point (x,y,z)=(0.4,0.5,0.6), 0sts10-* and At,=10*.

In Table 2, the numerical results for the spread of flux-averaged solute (flowing or effluent) concentrations, obtained
using the proposed MFMOL method, were validated against the existing exact solutions at varied temporal step sizes At
and constant position (x, y, z) for the advection-dominated flow (Pe = 80), in a porous medium. The proposed numerical
method produced good approximations with negligible or minimal numerical oscillations at the selected nodal points,
even without the use of any stabilisation technique, despite the higher oscillatory tendencies caused by advection
dominance. The simulation time ¢ = 1073 and time steps At = 10~* were considered for optimal accuracy of the flow
behaviour, as accuracy gradually decreased towards the final simulation time T = 0.3, due to model-specific
characteristics. The corresponding graphical representations of the numerical values for the spread of flux-averaged

solute concentration from the nodal points (0.3,0.4,0.5) and (0.4,0.5,0.6) to the other parts of the domain over the
specified time in Table 2 are shown in Fig. 3 and Fig. 4.

Table 3. Exact and MFMOL solutions of Example 3 for At,=2x10* and T=1073,

_ |uex - unuml

x=(x,y,z) t u_ (xt) MFMOL: u_  (xt) R, =
[Uex]

0.0000 3.7100 3.7100 0.000000
0.0002 3.7100 3.7094 1.62E-04
0.0004 3.7099 3.7045 1.46E-03

(0.3,04,0.5) 0.0006 3.7098 3.6955 3.85E-04
0.0008 3.7097 3.6821 7.44E-03
0.001 3.7097 3.6641 1.23E-02
0.0000 3.9133 3.9133 0.000000
0.0002 3.9131 3.9122 2.30E-04
0.0004 3.9129 3.9076 1.35E-03

(0.4,05,0.6) 0.0006 3.9128 3.8996 3.37E-03
0.0008 3.9126 3.8881 6.26E-03
0.001 3.9125 3.8731 1.00E-02
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Three-Dimensional Advection Diffusion Equation (ADE)

451

b
w
|

P
wn
|

e
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u(0.3,0.4,0.5, hHkgm3
(]
I

I T I I I T

*

MFMOL
Exact

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t(s)

Fig. 5. Flux-averaged solute concentrations of Example 3 for nodal point (x,y,z)=(0.3,0.4,0.5), 0sts10-* and At,=10*.

Three-Dimensional Advection Diffusion Equation (ADE)

%107

5 | | T \ |
MFMOL
*  Exact
45+ -
4 — —]
- | * * —— - #* — % — #*_ * _ e _* —
E
(=]
i
g
= 35 =
'}
=3
=T
=
3
3 — ]
25+ -
» | \ | | 1 \ | | |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9 1
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Fig. 6. Flux-averaged solute concentrations of Example 3 for nodal point (x,y,z)=(0.4,0.5,0.6), 0sts10-* and At,=10*.
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In Table 3, the numerical results for the spread of flux-averaged solute (flowing or effluent) concentrations obtained
using the proposed MFMOL method were compared with the existing exact solutions for effluent concentration at varied
temporal step sizes At and constant position (x,y, z) for the diffusion-dominated flow (Pe < 1) in a complex porous
domain. The proposed numerical method produced good approximations with insignificant oscillations, as observed in
the computed relative errors for the spread of flux-averaged solute concentration between the selected interior nodal
points (0.3,0.4,0.5) and (0.4, 0.5, 0.6) and the other nodal points within the domain of influence over the specified time
interval. The simulation time t = 1073 and time steps At = 10~* were employed for optimal accuracy of the flow
behaviour, although accuracy gradually decreased towards the final simulation time T = 0.1. The corresponding
graphical representations of the numerical values for the spread of flux-averaged solute concentrations from the nodal
points (0.3,0.4,0.5) and (0.4, 0.5, 0.6) to the other parts of the domain over the specified time in Table 3 are shown in Fig.
5 and Fig. 6.

4. Conclusions

In this paper, a novel MFMOL was applied to solve three-dimensional ADEs used for modelling solute transport
problems in non-reactive, source-free, homogeneous, and isotropic porous media. Unlike most methods such as FEM and
SPH, which exhibit complexities in model approximations due to weak-form formulations, the present method employs
a less tedious and more direct strong-form formulation for solving solute transport problems. In contrast to the
approaches of various authors who employed different stabilisation techniques to address instability caused by
convective terms, the proposed method achieved acceptable computational accuracy over specified simulation times t <
T and time steps At without requiring stabilisation.

In providing solutions to various difficulties numerical oscillations or instabilities, mesh distortion, discontinuities,
and large deformations of complex geometries and additional computational cost and time associated with stabilisation
techniques used to control instabilities encountered by traditional mesh-based methods in solving solute transport
problems in complex domains, the new method was shown to overcome these challenges and achieve improved and
acceptable results for the analysis of flux-averaged (flowing or effluent) concentrations of the models over time. The
accuracy and efficiency of MFMOL were validated by comparing its computational results with existing exact solutions
for several 3D diffusive and advective solute transport problems in non-reactive, source-free, homogeneous, and
isotropic porous media. The results of the present method were in good agreement with the exact solutions, using less
computational effort, lower costs, and reduced setup time. The validity of the numerical approximations of the proposed
method compared with exact solutions is presented in Table 1 and Figs. 1 and 2, as well as in Table 3 and Figs. 5-6, for

diffusion-controlled models (Pe < 1). Likewise, validated numerical approximations with minimal or negligible
oscillations compared with exact solutions are shown in Table 2 and Figs. 3-4 for advection-controlled models (Pe > 1).
As observed, the proposed method produced good approximations without the need for a stabilisation technique for both
diffusion-controlled models (Pe < 1) and advection-controlled models (Pe > 1).

In conclusion, the new MFMOL method is an efficient and reliable approach for solving 3D advection-diffusion
equations with Dirichlet boundary conditions (first kind), which are used to analyse flux-averaged or flowing solute
concentrations in non-reactive, source-free, homogeneous, and isotropic porous media. Although the optimal precision
and accuracy of the solutions were obtained over smaller simulation times t < T, the effectiveness and efficiency of the
method in simulating the trend of effluent solute concentrations as validated against existing exact solutions and its
possession of the Kronecker delta function property for easy imposition of boundary conditions have established a strong
foundation for solving 3D solute transport models in homogeneous and isotropic porous media with constant flow
parameters.

Future research should focus on improving computational accuracy over extended simulation times ¢ < T and
exploring the significant potential of MFMOL for solving models in heterogeneous and anisotropic porous media, where
velocity and dispersivity coefficients are functions of space and time. Other potential areas of application for MFMOL in
future studies include transient fluid flow models such as groundwater flow, reservoir flow, the shallow water equation,
and magnetohydrodynamic (MHD) equations in complex domains subject to subsidiary conditions of varying
complexities.
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5. Study limitations

In this study, it is acknowledged that the optimal computational accuracy of the present MFMOL method for solute
transport models depends on factors such as the geometrical location of nodal points in the problem domain and
boundaries, simulation time t < T, temporal step size At, flow channel length, and the complexity of the initial and
boundary conditions. Although these limitations have negligible effects on the computational results used in analysing
the flow behaviour of effluent solute concentrations, further studies are needed to ensure possible improvements.
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